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SUMMARY 
The objective of this research is to investigate analytically the 
flow through a supersonic.nozzle, including the effects of heat transfer, 
friction, and chemical reaction imposed by the boundary layer region. 
Although the research was stimulated by interest in plasma jet engines, 
the results are applicable to any nozzle that is supplied with a high 
temperature dissociated gas in laminar flow, 
A possible application, of this research would be for a nozzle on 
a space vehicle rocket engine with a thrust in the vicinity of one pound. 
Hydrogen would be used for the propellant, being supplied to the nozzle 
at a pressure of one atmosphere and a temperature of 9,000°R. 
It is assumed that the solution to the nozzle flow is completely 
divorced from the events that take place within the thrust chamber and 
that a uniform velocity gas in thermodynamic equilibrium enters the noz-
zle. There isJ no ionization present in the gas, it being a binary mix-
ture of monatomic and diatomic species of the same element. 
The solution to the flow is divided into two regions, an inviscid 
core and a boundary layer region. The inviscid core solution is 
straightforward and is easily handled by conventional one-dimensional 
compressible flow equations. Consideration is given to the effect of 
the boundary layer on the inviscous core solution and it is assumed 
that thermodynamic equilibrium exists up to the nozzle throat with 
frozen flow continuing to the nozzle exit. 
The major effort of this analysis is concentrated on solving the 
IX 
boundary layer flow through the nozzle. Local similarity is assumed to 
exist in the boundary layer throughout the nozzle. For the solutions, 
the Lees-Dorodnitsyn transformations are applied to the axially-
symmetric boundary layer equations to transform them into total differen-
tial equations. The resulting, differential equations are of the two-
point boundary value type with four boundary conditions at the wall and 
three in the free stream. 
Variable properties are used in the solution of the boundary layer 
equations. Since hydrogen is most likely to be used in actual applica-
tions, expressions for viscosity, thermal conductivity, diffusion coeffi-
cient, Prandtl number, and Schmidt number are developed for hydrogen as 
a function of the similarity variables and these functions are used in 
the integration of the viscous flow equations. The expressions for 
thermal conductivity, thermal diffusion, and Schmidt number evolved in-
directly from Enskog's solutions to Boltzmann's equations for the 
singlet-velocity distribution function. Across the boundary layer the 
change in the Prandtl number is very small, and therefore it is assumed 
constant fornthe calculations. 
The boundary layer is considered to be frozen with a fully cata-
lytic wall; therefore, the atom concentration at the wall is determined 
by the temperature of the wall. 
The three boundary layer equations are reduced to seven first 
order equations so that they can be integrated numerically by the Runge-
Kutta method on the Burroughs B5000 electronic computer. For integra-
tion, the initial value technique is used with assumed values of the 
velocity, enthalpy and concentration gradients* at the wall. Four 
X 
separate integrations,are carried out across the boundary layer to an ,n • 
of 7 with a small change in each of the assumed gradients for the last 
three integrations. A linear interpolation procedure is then used to 
evaluate better values of the gradients at the wall, and the integration 
procedure is repeated until the boundary conditions in the free stream 
are satisfied. For each integration 140 steps are used to give accuracy 
without very prolonged use of computer time. In all, 65 solutions are 
obtained for various values of pressure-gradient, dissipation, wall en-
thalpy and wall concentration functions. 
Of the unknown boundary values at the nozzle wall, the enthalpy 
gradient is the only, one insensitive to changes in the imposed flow con-
ditions for high temperature walls. The greatest percentage variation 
is experienced by the surface velocity gradient with the concentration 
gradient variation being more than the enthalpy gradient change. How-
ever, under the restriction of a highly cooled wall, the surface gradi-
ents satisfy the requirements of total similarity. 
When the dimensionless pressure gradient parameter is greater than 
1 and the dissipation function is near zero an interesting result occurs: 
the displacement thickness is negative. In the boundary layer, a de-
creasing temperature causes a density increase while the presence of 
friction reduces the velocity, but the average density velocity product 
increases, which results in the mass flow rate per unit area being 
greater in the boundary layer than in the inviscid core. 
An analysis of a particular nozzle, one with 9000°R hydrogen 
entering it at a pressure of one atmosphere, is presented. The inviscous 
flow is solved for the pressure gradient and dissipation function param-
XI 
eters. The property gradients at the wall along with momentum and*dis-
placement thickness are presented for this particular nozzle and the 
local similarity assumption is shown to be valid. 
Heat transfer and friction reduce the specific impulse of this 
nozzle by 11 per cent when a wall temperature of 4700°F is considered. 
It is shown that by decreasing the wall temperature the performance of 
the nozzle (is further reduced, which is expected. 
For the 4700°R wall the heat transfer rates are as high as 40 
2 
Btu/in -sec. With a single component mixture, at the same conditions, 
the heat transfer would be a factor of 4 less, illustrating that the 
recombination of atoms at the surface contributes greatly to the overall 
cooling load for a nozzle. 
The only refined analysis, previously presented for small nozzles 
accounted for heat transfer and friction, but the assumption of a con-
stant pressure gradient parameter restricted its results (27). For the 
design of conventional rocket nozzles, the method presented in this re-
search is too complex, since excellent results can be obtained by con-
sidering one-dimensional, frictionless, isentropic flow; and, if it is 
necessary to correct the solution for the effects of heat transfer and 
friction,;velocity and thrust coefficients can be utilized. 
The most important application will be in the design of nozzles for 
heat transfer experiments with a high velocity dissociated gas0 It is possible 
to predict the heat transfer rate, in order that adequate cooling can be provided 
for the selected materials, or a suitable material can be chosen» For a given 
mass flow rate, proper throat sizes can be calculated, or the mass flow 









defined by Equation (4-13) 
mass friction 
specific heat 
defined by Equation .(4-17) 
diffusion coefficient of component i into 
the mixture 
binary diffusion coefficient for 
an H-H mixture 
thermal diffusion coefficient 
thrust 
defined by Equation (4-4) 
defined by Equation (4-4a) 
defined by Equation (4-23) 
enthalpy 
enthalpy of formation of atoms 
stagnation enthalpy 
specific impulse 
defined by Equation (4-29) 
thermal conductivity 
Boltzmann's constant 







































mass flow rate 
pressure 
Prandtl number, '"' *-
K 
dummy variable 
heat transfer rate 
nozzle radius 
universal gas constant 
Schmidt number, P D L2 
absolute temperature 
x component of velocity 
y component of velocity 
ideal nozzle exit velocity 
mass rate of formation per unit volume 
coordinate 
transformed x coordinate 
coordinate normal to x 
defined by Equation (5-57) 
























a mass fraction of atoms 
Y specific heat ratio . ; • 
























A refers to monatomic molecules 
A refers to diatomic molecule 
e refers to edge of boundary layer 
et; refers to, edge of boundary layer at the throat 
f refers to perfect gas portion of-enthalpy 
H refers to monatomic hydrogen 
H refers to diatomic hydrogen 
i refers to ith species 
w refers to the, wall 
Superscripts 
denotes a dimensionless property 




For some time in the future, chemical rockets will be the device 
used by the space industry to launch equipment into orbit from the earth's 
surface. This is due to the large thrusts developed by chemical rockets, 
their present advanced stage of development, and their adaptability to 
very large vehicles. The nuclear powered rocket is the only other pro-
pulsion device under current investigation that has a high enough thrust-
to-weight ratio to overcome the earth's gravitational attraction. 
Specific impulse is one of the most- important performance param-
eters used for evaluating rocket engines, and it -is defined as the ratio 
of the thrust developed to the rate of propellant consumption. Consider 
a rocket engine with an optimum expansion ratio, i.e., the nozzle exit 
pressure is equal to the surrounding atmospheric pressure. It can be 
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Thus the specific impulse is a function of the variables n , y, 
T , and M. For space applications, the surrounding atmospheric pressure 
is near zero; therefore the restrictions on n will be independent of 
the particular propellant., gas generator, or combustion chamber, since 
any nozzle pressure ratio can be obtained. The specific heat ratio for 
gases in rocket exhausts will vary between 1.2 and 1.67 (M-2), and with a 
fixed combustion chamber temperature and gas molecular weight the specific 
impulse can be increased 55 per cent by reducing k from 1.67 to 1.2; how-
ever, in actual practice this cannot readily be accomplished. Therefore, 
in order to obtain the highest specific impulse of a rocket propellant, 
the combustion chamber temperature should be increased to material limits 
and the molecular weight reduced as much as possible. 
For a rocket engine which depends upon combustion to provide the 
energy9 the highest specific impulse is obtained with hydrogen and fluo-
rine as. the fuel ;and oxidizer. A propellant mixture with a fluorine-to-
hydrogen mass ratio of 7.6 to 1 will supply 1000 psia gas at 7000°R (2). 
The propellant molecular weight will be 11.8 and its specific heat ratio 
is 1.33, and under ideal conditions with expansion to space., this will 
provide a specific impulse of M-80 seconds. However, there are still many 
development problems to be solved before this system can be used success-
fully. 
If it were feasible to use a heated gas, such as hydrogen, then it 
would be possible to reduce the molecular weight to 1 (atomic hydrogen). 
With a combustion chamber temperature of 7000°R the specific impulse of 
the atomic hydrogen would be 1300 seconds. 
For space trips the increase in specific impulse realized from 
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heated hydrogen would result in a considerable reduction in the amount of 
propellant required, which in turn could lead to much smaller vehicles. 
Since most vehicles used for interplanetary travel will be launched from 
earth orbit, it is not necessary to use engines which provide thrust-to-
weight .ratios greater than one. 
Plasma Jet 
One type of propulsion device being considered to give very high 
specific impulses is the plasma or arc jet. The thrust-producing mecha-
nism of the plasma jet is in principle the same as that of chemical 
rockets; i.e., the thermodynamic expansion of a high temperature propel-
lant through supersonic nozzles to produce thrust. However, the mecha-
nism of providing the high temperature propelling gas is different, since 
the heating of the gas takes place directly in the gas by an electric arc. 
Figure 1 illustrates a configuration for a possible plasma jet engine. 
The plasma jet is not limited to conventional combustion tempera-
tures and high molecular weight propellants since the energy is supplied 
by an external electric generator. However, there is an upper limit on 
temperatures imposed by material requirements and the necessity of pro-
viding adequate cooling to the engine,. Both of these, have to be impor-
tant criteria in the selection of a desirable propellant. 
In Table 1, a comparison of various, propellants is given. The 
specific impulses are based on one half of the available energy being 
lost due to friction, heat transfer, and incomplete expansion. It is 
also assumed that there is no ionization in the gas. For a given temper-
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Figure 1. Plasma Jet Schematic 
5 
specific impulse, and it is the only gas with a low enough .chamber tem-
perature to permit use of refractory materials like carbon, tungsten and 
tungsten carbide. Use ,of any of the other propellants would require 
strong cooling of the chamber and nozzle walls. 
If the appropriate design problems are solved, the plasma jet 
engines can produce specific impulses in the.range of 1000 to 2000 
seconds. This .level of performance will require about 50 kilowatts of 
electricity per pound of thrust, and the complete propulsion unit includ-
ing the electrical generator will weigh approximately 500 pounds for one 
pound of thrust (1). 
Table 1. Propellant Performance with 50 Per Cent 
Conversion Efficiency, Expansion to Zero 
Pressure and Ionization and Dissociation 
Neglected. 
Molecular Specific Impulse in Seconds 
Gas Weight for Chamber Temperatures of 
5000°R 10,000°R 15,000°R 
H 1 775 1100 1340 
Ho 2 730 1035 1280 
He 4 388 550 670 
Li 7 290 4.10 500 
N 14 206 295 360 
N2 28 195 275 340 
The high weight-to-thrust ratio completely eliminates the possi-
bility of this engine being used to launch equipment from the earth's 
surface. Some of its possible applications -will be orbit corrections for 
space stations and rotation of these stations about their axes. When it 
6 
is necessary to provide an electric generator for normal operation of the 
space craft, the plasma jet has even greater appeal since it will not be 
necessary to provide an additional generator for propulsion. 
A characteristic compairison of a plasma jet with modern chemical 
rockets is given in Table 2. In Table 3 the specifications of a one-
pound thrust engine is compared with the widely-used H-l liquid propellant 
engine. From Table 3 it can be seen that, for the arc jet the temperatures 
are higher, the pressures lower, and the engine is several orders of mag-
nitude smaller than the H-l rocket engine. 
The large thrust rocket engines have very high energy release per 
unit volume and as a result their heat transfer losses are quite low. 
Due to the surface area per unit thrust being low, a very small percentage 
of the kinetic energy of the exhaust gas is dissipated by friction. The 
combined effects of friction and heat transfer in large rocket engines 
result in performance losses from 2 ;t:o 8 per cent of the total available 
energy supplied, while the reduction in thrust due to their effects is 
less. The flow in large nozzles is usually turbulent due to the high 
densities and large diameters associated with their design. When heat 
transfer and friction are considered,, the analysis is usually simplified 
by the use of modified empirical methods taken from fully developed flow 
in constant area pipes. 
Arc jet engines tested to date have not met their expected per-
formance specifications, since the thrust produced is much less than 
anticipated. This reduced performance is partially due to the increased 
percentage of heat transfer and friction losses associated with the small 
sizes of the plasma jet engines. It is to be expected that associated 
















Chemical 200- 480 4,500-7,800 10~2-100 Seconds to 
a Few Hours 
0.1-1000 H0 & 0o, 
• ^ . - ^ 
etc. 
Nuclear Fission 500- 1,100 5,000 10~2-30 Same 0.1-1000 H2 
Isotope Decay 400- 700 3,000 • io-5-io"3 Days 0.0001-0.01 Ho 
Z. 
Arc Heating 400- 2,000 10,000 io"4-io~2 Days 0.001-1 H2 
Magnet o-Plasma 49000-I5,000 
... ,.-5 ..-3 iu -lu Weeks 0.001-1 H2 
Ion 5,000-25,000 io-5-io-3 Months 0.001-1 Cs 
Solar Heating 400- 700 2,500 10-3-10"2 Days 0.01-1 Ho 
Table 3. Specifications' for a 30 KW Plasma Jet 
and an H-l Liquid Propellant Engine 
Engine Units Plasma , H-l 
Thrust in Space Pounds 1 188,000 
Chamber Diameter Inches 1 21 
Nozzle Throat Inches 0 .4 16.2 
Nozzle Exit Inches .. 0.75 45.8 
Nozzle Area Rati© 3.7 8.1 
Length Inches 4 ' 86 
Propellant H2 0 2 .6 RP-1 
Is in Space Seconds 1000 288 
Thrust . Pounds 1 188,000 
Propellant Flow Rate Pounds/Second 10 - 3 650 -
Weight Engine Only. Pounds 4 15.00-
Power Required KW 30 
Thrust Duration Months Minutes 
with arc jet miniaturization, their lower pressures, higher temperatures 
and lower mass flow rates, the boundary layer will fill a larger per-
centage of the total flow area, and this will result in larger performance 
losses due to the presence of irreversible phenomena. 
Arc jet engines will always operate at low pressures in order to 
take advantage of essentially complete dissociation at lower temperatures 
and to facilitate satisfactory are stabilization. The low densities that 
result, the small diameters of the associated nozzle, and the high vis-
cosity of the high temperature gases, will insure that low Reynolds num-
bers will exist throughout the nozzle. Thus the flow in the plasma jet 
will still be laminar at the nozzle exit. 
In the past it was undesirable to undertake a complete investiga-
9 
tion of the flow through a. nozzle considering friction, heat transfer, 
and chemical recombination due to the complexity of the solution and 
their relatively small effects on performance. Also, the existing condi-
tions were such as to insure turbulent flow, which makes the solution 
more difficult. The inadequacies of the available methods to predict 
the performance of plasma jet nozzles deem it necessary to undertake a 
more refined investigation. This will not only aid in a more accurate 
prediction of nozzle perf ormance,- but it will help to optimize the, 
system for any given application. 
Heat Transfer Experiments 
Although the research was stimulated by interest in plasma jet 
engines, the results will be applicable to any nozzle that is supplied 
with a high temperature dissociated gas in laminar flow. A source of a 
high temperature, high velocity, dissociated gas is necessary for many 
heat transfer experiments, and a nozzle of the type examined here will 
be required. 
In designing nozzles for these experiments, it is necessary to 
know the heat transfer rates so that proper cooling can be supplied to 
a suitable material. To give the desired mass flow rate and velocity, 
the dimensions of the throat and the diverging section have to be cor-
rectly chosen. This analysis can be applied directly to such an appli-
cation. 
Objectives 
The objectives of this investigation are: 
1. To determine analytically the flow solution through a super-
10 
sonic nozzle including the effects of heat transfer, friction, and chemi-
cal reaction imposed by the boundary layer region. 
2. To apply the results of the analytically determined flow to a 
particular nozzle. 
3. To compare the refined method of analysis to the.present method 
being used. 
The first objective requires the solution of the laminar compres-
sible boundary layer equations with chemical reaction. The results of 
the solution will be presented for various values of local similarity 
constants and will be applicable to any laminar flow in a nozzle« The 
various parameters determined will be tabulated in convenient formc 
The second and third objectives will be restrictive in, the sense 
that they will apply to only one particular nozzle; however, the proce-





A brief review of related investigations in the fields of laminar 
boundary layers, rocket nozzles, and plasma jet performance is presented 
below. The papers mentioned are intended to illustrate the evolution of 
methods and ideas which lead finally to the subject of nozzle performance 
as well as the reason for the present .analysis. 
During the past decade there have been voluminous analytical and 
experimental investigations into the solution of compressible boundary 
layer flows, both with and without chemical reaction. However, no one 
has undertaken a complete investigation considering simultaneously the 
effects of friction, heat transfer, and chemical recombination on the 
performance of small throat diameter rocket nozzles, even though many of 
these investigations have been applied to chemical rocket, nozzles and in 
one,case to the flow of ionized gases through a relatively small nozzle. 
Boundary Layer 
Since its inception by Prandtl in 190U, the theory of thin viscous 
layers next to solid boundaries, or boundary layer theory, has become a 
highly developed branch of fluid mechanics. According to Prandtl, the 
fluid velocity relative to the surface of the body increases from zero 
at the surface to its maximum value away from the surface in a thin re-
gion or boundary layer. This well established fundamental postulate of 
12 
fluid mechanics has been directly confirmed by careful measurements of 
the velocity distribution through the boundary layer region. 
Compressible Boundary Layer 
There is no general method for solving the fundamental equations 
of viscous compressible fluids because of the nonlinearity of the equa-
tions. Only for a small number of special cases can exact solutions of 
the Navier-Stokes equations be found, and in these cases assumptions have 
to be made considering only the simple configurations of the flow pattern. 
The compressible boundary layer analysis is further complicated 
by the presence of a non-vanishing Mach number and therefore the flow may 
contain appreciable viscous dissipation. In addition, the velocity and 
thermal boundary layers are interdependent, requiring the simultaneous 
solution of the momentum and energy equations. In a rocket nozzle high 
temperatures are encountered which lead to dissociation of the gases 
present. Additional equations, species continuity, have to be simul-
taneously satisfied, thus further complicating the solution. 
A treatise of the laminar boundary layer in compressible flow has 
been provided by Cope and Hartree (3), in which the boundary layer equa-
tions are derived, reduced to non-dimensional form, and their relation 
to incompressible flow discussed.. Solutions for a few simple cases.are 
presented and methods of solution of more complex problems are outlined. 
No consideration was given for the case where more than one species was 
present. 
Karrnan-Pohlhausen Method 
The mathematical difficulty of solving the equations are consider-
13 
ablej particularly when there is a pressure gradient along the surface. 
The Ka'rman-Pohlhausen method gives an approximate solution to the bound-
ary layer equations with a streamwise pressure gradient, and many of the 
earlier investigations made use of this method. The solution requires 
the assumption of velocity ;and temperature profiles through the boundary 
layer, and this is its greatest: limitation, since in many cases the pro-
files for sufficient accuracy are so complex that it is very difficult 
to obtain a solution. All of the. papers discussed in this section make 
use of the Chapman-Rubesin linear viscosity law for the variation of 
viscosity with temperature through the, boundary layer. Only one of the 
papers dealt with a dissociating gas. 
Fourth, sixth, and eighth-order polynomials for the velocity pro-
files and sixth-order temperature profiles were used by Morris and Smith 
(4). Arbitrary, but constant Prandtl number,, and laminar flow with arbi-
trary surface temperature and pressure gradients were assumed. Compari-
sons were presented with exact solutions. Beckwith (5) used a fifth-
degree polynomial stagnation enthalpy profile for the case of equal 
thickness for the thermal and velocity boundary layers. However, the 
calculations were extended to determine the heat transfer under condi-
tions of equilibrium dissociation in the boundar}?" layer. 
Libby and Morduchow (6) used sixth degree velocity profiles and 
seventh degree stagnation enthalpy profiles for calculating the boundary 
layer characteristics with an axial pressure gradient and heat transfer. 
For accuracy, the solution was limited to a Prandtl number of one, and. 
to a uniform wall temperature for flow with a pressure gradient. 
Yang (7) presented an improved integral procedure, in which more 
11+ 
accurate profiles are obtained by applying a correction to,the assumed 
profiles to make them more closely agree to the original partial differ-
ential equations. Comparisons with some exact solutions for flow ,with 
favorable and adverse pressure gradients were given. 
Similar Solutions 
Similar solutions are presented to the boundary layer equations 
by Cohen and Reshotko (8), in which they solved S thwarts on f.s equations 
with pressure gradients varying from that causing separation to an in-
finitely favorable gradient and wall temperatures from absolute zero to 
twice the free stream stagnation temperature * It was shown that the 
velocity within a portion of the boundary layer must exceed .the local 
external velocity for the case of .favorable pressure gradients with 
heated walls. Thwaites' correlation concept was used for an approximate, 
method to extend their work (9) with heat transfer and arbitrary pressure 
gradient. The advantage of the latter method--is that knowledge of the 
velocity and temperature profiles is.not required. The linear Chapman-
Rubes in viscosity law was used in the analysis., 
A study of compressible viscous flows, in slender channels was 
provided by Williams (10); however, this work:applied to very low Rey-
nolds numbers. Similar solutions were presented for many particular 
applications. 
Baron (11), performed an elegant and thorough investigation for a 
binary mixture boundary layer associated with mass; transfer cooling at 
high speeds. Even though Baron concentrated, on exact, similar solutions, 
an integral method was developed. In his work the mass diffusion equa-
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tions are solved for cases where carbon dioxide or helium is injected 
into the boundary layer to cool the surface exposed to aerodynamic 
heating in air. 
Chemical Reactions 
The necessity to safely land objects from orbit required the 
solution of the problems associated with reentry into the earth's atmos-
phere from space. Thus many investigations of the laminar boundary layer 
with chemical reactions -were initiated. One of the first published was 
by Fay and Riddell (12), in which two. methods•• ..of numerical solutions for 
the stagnation point equations were presented; one for the equilibrium 
case, the other for the non-equilibrium case. In the non-equilibrium 
case both catalytic (to atom re combination) and non-catalytic wall sur-
faces were considered. A solution was presented that showed the transi-
tion from the frozen boundary layer to the equilibrium boundary layer. 
Lees (13) gave an account of progress and problems in convective 
heat transfer with chemical reactions, including reactions involving 
vaporizing or sublimating surface material. This paper was an excellent 
treatise of the state of the art at the time of its publication, and it 
with the previous paper (12) were very useful in the development and 
solution of this research. 
Attention was given to the problem of determining the transport 
properties of partially ionized air by Fay (14). Comparisons were made 
of the transport properties which had been estimated by various authors, 
and the heat transfer determined from the solution of the laminar bound-
ary layer equations for.;"Stagnation point flow. The heat transfer was 
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compared with a few experimental measurements. 
An integral method for the calculation of heat transfer distribu-
tions on yawed cylinders and bodies of revolution in high speed flow was 
developed by Beckwith and Cohen (15). Comparisons were made,for a 
Prandtl number of one and a constant density-viscosity product, with other 
local similarity methods, with experimental heat transfer data on a circu-
lar cylinder, and a body of revolution designed for large axial pressure 
gradients. 
The problem of nonequilibrium boundary layers when chemical re-
action occurs along the inviscid flow streamlines at the outer edge was 
examined by Inger (16). Except in the case of a highly cooled body im-
mersed in a slow, hot, dissociating gas stream, it was shown that the 
inviscid reaction rate can be neglected in analyzing nonequilibrium 
boundary layer flows encountered in practice. This does not imply that 
the chemical state of the inviscid flow does not affect the boundary 
layer, but if the reaction rate at the outer edge of the boundary layer 
is not properly matched to the inviscid flow rate, only a small error is 
experienced in solving the boundary layer equations. 
A finite difference method was used by Blottner (17) for numerical 
calculation of the nonequilibrium ionized air boundary layer on a cone-
shaped reentry vehicle at several flight conditions. A method of solu-
tion of the laminar boundary layer equations for dissociating and ioniz-
ing air in chemical nonequilibrium was formulated for arbitrary pressure 
gradients and body geometry by Pallone, et al. (18), in which a non-
similar, multistrip integral technique was employed. 
Smith and Jaffe (19) present a general method for solving the non-
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equilibrium boundary layer equations of a dissociating gas for two-
dimensional or. axisymmetric flow. This was a solution to the complete 
equations and it did not assume local similarity. The predictor-
corrector method was used and the equations were solved' simultaneously 
at a given station in the flow direction with an iteration procedure 
used between equations until convergence was obtained. 
Nozzles 
Simple analyses have been sufficiently accurate for calculation 
of the heat transfer in large nozzles. Regenerative and film cooling 
have been more than adequate to allow continuous operation of liquid 
propellant rocket engines. However, long thrust duration, solid pro-
pellant engines have required extensive development programs and they 
have helped stimulate interest in the area of heat transfer in nozzles. 
In large nozzles the flow is turbulent .and the earlier analyses 
reflect this. Bartz (20) considered boundary layer flow with the one-
seventh power law velocity distribution;, and Mayer (21) presented a 
similar analysis for the estimation of convective heat transfer to the 
cooled walls of spike nozzles, expansion deflection and other external 
expansion nozzles. Clem, et al. (22), modified the fully developed pipe 
flow equations to apply to solid propellant rocket nozzles. 
Heat transfer coefficients determined by experiment were provided 
by Massier, et al. (23), and Witte and Harper (24) for liquid propellant 
rocket engine nozzles. The heat flux distribution in a rocket nozzle was 
determined experimentally by Rose (25). 
The analysis of the heat transfer to a small nozzle with laminar 
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flow was performed by Massier, et al. (26) 9 and the analysis utilized 
Cohen and Reshotko's (8) solution to ;the laminar boundary layer equa-
tions. Two analyses were undertaken for the flow of an ionized gas 
through the nozzle; one with the density-viscosity product constant 
throughout the nozzle and one with this product allowed to vary along 
the nozzle, but the product was not allowed to vary across the boundary 
layer. In both solutions the Prandtl number was one and the solution 
was compared with experimental results, and good correlation existed. 
Further experimental results were presented on this by Massier (27). 
Plasma:Jet Performance 
A survey of the plasma (arc) jet propulsion system was given by-
He Her and Jones (28). The types of devices generally associated with 
plasma propulsion were discussed including the .closely related resisto-
jet. The survey covered some of the problem areas, such as performance 
parameters, heat transfer problems, and energy balance. 
A later survey was presented by Page (29), in which discussions 
of the development interests of plasma jets were given, and some of the 
areas of interest were arc mechanism, production methods, propellant 
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choice, heat transfer, materials and the space power source. It pointed 
out that the present state of the art is a result of primarily empirical 
and experimental work. 
Jack (30) demonstrated the advantages of hydrogen as a propellant. 
Hydrogen was shown to have the highest frozen flow efficiency and the 
lowest temperatures of any propellant in the thousand seconds impulse 
range. For optimum performance in this range a chamber pressure of the 
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order of magnitude of one atmosphere is desirable. Hydrogen was the 
only propellant that can provide reasonable specific impulses with 
conventional materials in the resistojet. 
Bennett, et al. (31), gave experimental results on a fast heatup 
resistojet, and their engine had a thrust of 0.0003 pounds with a power 
' — Pi 
input of 20 watts, and used ammonia at the rate of 0.5 x 10 pounds per 
second. The nozzle throat diameter was 0.012 inches and the specific 
impulse was limited: to approximately. 200 seconds. 
Summary of 'Related Research : 
Solutions presented in the laminar boundary layer investigations 
usually pertained to flow over a body of revolution, and are restricted 
in many cases to the stagnation point region. Only a few of them per-
tained to flow through a nozzle and when they did they were severely 
restricted. 
The large nozzle analyses are primarily concerned with the turbu-
lent boundary layer, which is not applicable to the small nozzles of 
plasma jet engines where laminar flow exists. In many of the laminar 
flow solutions the flow is external to a. body, thus the flow is not 
confined. In a nozzle the inviseid core is confined externally by the 
boundary layer and wall. 
With the introduction of the low mass flow rates and high tempera-
tures of the plasma jet nozzle there is a great need for a thermodynamic 
analysis of the viscous flow in a nozzle considering real gas effects. 
This research will satisfy the following five requirements: 
1. A changing favorable pressure gradient in the inviseid flow 
through the core of the nozzle. 
2. The consideration of the effect of chemical recombination of 
the dissociated gases on the boundary layer along the nozzle. 
3. The consideration of the effects of variable thermodynamic. 
and transport properties in the boundary layer analysis. 
4. Determination of the boundary layer characteristics within 
the nozzle. 
5. An evaluation of the effects of friction and heat transfer on 
the performance of a typical plasma jet engine. 
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CHAPTER III 
DEVELOPMENT OF THE PROBLEM 
Very little error is obtained when viscous boundary layer effects 
are neglected in large nozzles., but this is not true with small nozzles. 
In designing small nozzles for heat transfer experiments or in evaluating 
the performance of any small rocket engine, it is desirable that the 
boundary layer be analyzed along with the inviscid core, since both solu-
tions are necessary for an accurate prediction of the flow properties. 
Plasma Jet Operation 
The determination of the performance of an arc jet engine mathe-
matically is made very complex by restrictions on the flow imposed by 
the small nozzle dimensions. This was briefly discussed in the previous 
chapters. A typical configuration for an engine is given in Figure 1. 
In an actual engine the possibility of obtaining an annular arc is very 
limited since the arc will always occur along the path of least resist-
ance between the anode and cathode, and it usually has a very small cross 
sectional area. Thus, when the gas is fed axially into the thrust cham-
ber it will be very difficult to obtain a uniform gas temperature at the 
nozzle entrance, since there will be little time for mixing to occur be-
tween the arc and nozzle and due to the small arc.. A small percentage 
of the total gas will be heated to a very high temperature and the rest 
must depend upon the heat transfer from the anode, cathode, and slight 
mixing from the hot gas for its energy,, 
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Researchers at General Electric proposed the development of a 
three phase alternating .current arc with three cathodes placed around 
the circumference of the chamber. This would set up a rotating arc 
which would aid in supplying a homogeneous mixture to the nozzle. The 
advocates.of the direct current arc have suggested, and indeed.it-has 
been attempted, putting the cathode;downstream of the nozzle throat so 
that the arc passes through the throat, which would allow it to fill a 
large percentage of the total flow area. 
Mixing can be aided by introducing the;gas tangentially to the 
nozzle axis and providing it -with a large, radial velocity component. 
The swirling action will aid the mixing action in the chamber and will 
provide a more homogeneous mixture into the nozzle. However, the uniform 
mixture is gained at the expense of increased irreversibilities in the 
flow and much, greater heat transfer to the system's walls, and providing 
an additional cooling problem. 
A large amount of development work must be done in the future on 
arc stabilization between the anode and cathode for optimum performance 
of plasma jet engines. In addition, excellent nozzle design and life 
will be requiredc It is also very important that a uniform mixture be 
supplied to the nozzle with as few irreversibilities present as possible 
in order for the engine to efficiently utilize the electrical energy 
supplied. 
This work will be restricted to an analysis only of the flow 
through the nozzle. It will be assumed that the arc is far enough re-
moved from the nozzle such that the flow through it will be independent . 
of;the arc operation„ This solution would also apply to cases where the 
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gas is heated by means other than an arc. 
Assumptions and Restrictions 
The assumptions made and the restrictions placed on the analysis 
are discussed below for the flow at the nozzle entrance, for the inviscid 
core, and for the viscous boundary layer near the nozzle wall. 
Nozzle Entrance Conditions 
The most promising propellant for an external energy source 
rocket engine is hydrogen (2,30). Thus, for all considered applications 
a diatomic gas is used for the propellant. Materials used in construc-
tion of the engine and the long operation time will place a limitation 
on the temperature in the thrust chamber. Pressures of the order of mag-
nitude, of one atmosphere are optimum for the most efficient engines. 
Temperatures and pressures will be such that considerable disso-
> 
ciation will be present in the gas, and ionization will be neglected. 
For hydrogen, only 0.003 of the atoms are ionized at a temperature of 
1J4,J400°R and a pressure of 14.7 psia (42). In many cases, the equilibri-
um condition will consist only of monatomic gas. When the gas passes 
through the arc there will be some ionization present; however, it is 
assumed that there is sufficient time in the thrust chamber prior to the 
nozzle for recombination of all ionized products of the arc, and complete 
thermodynamic equilibrium will be established in the system prior to the 
time the flow enters the nozzle-. The flow entering' the nozzle will be 
one-dimensional and will have a uniform axial velocity. 
Inviscid Nozzle Flow 
A uniform velocity gas in thermodynamic equilibrium will enter the 
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nozzle, and at the point of entrance there will be two distinct regions 
of flow. The boundary layer will start its development here (32) and it, 
along with the inviscid core, will fill the nozzle. 
In the inviscid region there will be very small axial velocity 
gradients normal to the flow direction and the average radial velocity 
will be zero, thus the effects of viscosity can be neglected, and the 
flow can be considered one dimensional. 
The temperature and pressure will decrease as the gas expands 
through the nozzle and to maintain thermodynamic equilibrium there must 
be some recombination of the atoms. The average velocity is so high 
that the residence time in the nozzle will be of the order of ten micro-
seconds, thus it will be impossible for thermodynamic equilibrium to 
exist throughout the nozzle. Bray (34) suggests that the shift from 
equilibrium flow to frozen flow will.occur downstream of the nozzle 
throat, and Lezberg and Lancashire (35) have some experimental evidence 
to substantiate this with a hydrogen air combustion process. 
For a practical compromise it will be assumed that the flow is in 
equilibrium up to the nozzle throat, and that frozen flow will predomi-
nate in the supersonic section. A decreasing temperature will tend to 
shift equilibrium conditions from the atomic to the molecular state, but 
this is offset by a decreasing pressure which causes a shift in the other 
direction. Also, the energy released by the atoms reassociating will 
offset the normal temperature drop of expansion so there is only a'small 
temperature drop in accelerating the flow to Mach one. Therefore, only 
a small change in composition will be experienced in the subsonic secrrlu,. 
tion. 
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To solve for the inviscid core properties in the subsonic region 
a pseudo-frozen flow will be assumed. A suitable average value will be 
taken for the composition and stagnation properties, and allowances will 
be made for the recombination energy, which actually aids the engine 
performance, by using a modified specific heat ratio. 
The flow area is restricted by the boundary layer development, 
and allowances have to be made for this. Other than this necessary pre-
caution, there is no difficulty in solving the inviscid core region of 
the nozzle flow. The solution methods are given by Shapiro (33). 
Viscous Nozzle Flow 
The flow is completely nonviscous prior to the time it enters the 
nozzle, and the growth of the boundary layer will start along the nozzle 
wall at the point of entrance where it is of zero thickness (32). There 
is no chance of separation occurring anywhere in the nozzle due to a 
favorable pressure gradient. 
Due to the high temperature and the low pressure for the propel-
ling gas, the viscosity is high and the density is low. In addition, 
the nozzle dimensions are small;; thus, even with high velocities, the 
Reynolds number will be small enough to give only laminar flow. For 
example, a typical engine with hydrogen gas might have a nozzle area 
ratio of M-, chamber pressure of 1 atmosphere, chamber temperature of 
9000°R and nozzle length of 1.3 inches. This should produce a thrust of 
1 lb., and the Reynolds number based upon length will be less than 5000. 
Therefore, the pressure and the size could be increased by an order of 
magnitude before the flow will become turbulent in the nozzle. 
It is not feasible at this time to undertake a solution of the 
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applicable Navier Stokes energy and continuity equations. The boundary 
layer equations, a set of four nonlinear partial differential equations,. 
must be solved simultaneously to obtain the desired solution. Except. 
for a few simple cases, it is impracticable even to obtain an exact solu-
tion to the boundary layer equations. 
In Appendix A the boundary layer equations are developed by use of 
an order of magnitude analysis on the complete equations. The applicable 
boundary layer equations, (A-17), (A-18), (A-19), and (A-20.), are given 
below with the coordinate system illustrated in Figure 2. 
1. Global Continuity 





PU -r— + PV r— 
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a 2 3u 
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4. Species Cont inu i ty 
9 C i 9 C i 9 
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X ^.-~-— 
Figure 2. Coordinate System for Boundary Layer Equations. 
The complete equations would normally contain a term applicable 
to thermal diffusion. However, Baron (11) states that for Mach numbers 
less than five the effects of thermal diffusion can be neglected. In 
this thesis the largest Mach number considered was 3.5. Fay and Riddell 
(12) concur with this for an air equilibrium boundary layer at stagna-
tion temperatures less than 18,000°R. Thus, even though the above state-
ments may not apply to hydrogen, the thermal diffusion effects are 
neglected in all solutions presented in this dissertation, and the 
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appropriate terms are left out of the energy and species continuity 
equations. 
For solving these equations, it is most convenient to transform 
them to total differential equations. Then they will be integrated by 
numerical techniques through the use of an electronic computer. The 
method of solution of the viscous flow i?egion is left to Chapter IV. 
Summary of Assumptions and Restrictions 
1. An analysis will be performed only on the flow through the 
nozzle. 
2. The flow will be independent of the arc operation. 
3. The flow will have a uniform velocity into the nozzle, and it 
will be nonviscous. 
M-. The fluid will consist of -a mixture of monatomic and diatomic 
gases of the same element. 
5. All gases follow the perfect gas equation of state. 
6. The inviscid core will be one-dimensional through the nozzle. 
7. Thermodynamic equilibrium will be established upstream of the 
nozzle and it will continue in the subsonic portion of the nozzle, 
8. The properties in the inviscid core will be calculated in the 
subsoniq section as if the flow was pseudo-frozen. 
9. The flow will be frozen in the supersonic portion of the noz-
zle. 
10. No ionization products will be present. 
11. The viscous flow will be laminar, 
12. The boundary layer has zero thickness at the nozzle entrance, 
and starts to grow at that point. 
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The flow will not separate from the wall under any condi-
The boundary layer equations will represent the "viscous flow. 
Thermal diffusion effects will be neglected. 
The no-slip boundary conditions are applicable to the flow. 
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CHAPTER IV 
THE VISCOUS FLOW EQUATIONS 
The solution of the viscous portion of the flow through the nozzle 
requires the simultaneous solution of Equations (3-1) through (3-4-)• 
These equations as stated are nonlinear partial differential equations 
which cannot be solved by the usual classical methods such as separation 
of variables, Laplace transforms, etc. They can readily be solved for 
fully developed pipe flow and couette flow where enough of the terms can ; 
be dropped to reduce the equations to ordinary differential equations. 
Transformation of the Boundary Layer Equations 
Fortunately there are other circumstances under which these equa-
tions can be reduced to ordinary differential equations. Under these 
circumstances, the solutions are generally designated as "similarity 
solutions," the set of partial differential equations are reduced to 
ordinary differential equations by a transformation of the coordinate 
system in which the derivatives of the dependent variables become sepa-
rable . 
The proper transformation for this set of equations is the Lees-
Dorodnitsyn transformations given by Dorrance (36). The appropriate new 
coordinates (x, n) are: 
* In this chapter, the derivations are in essence those given by 
Dorrance (36), and they are presented here with modifications for com-
pleteness. 
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p u R y 
(.2 x) o Ke 
\ x 2 
x = J p • y• u R dx (4-2) 
• r e e e 
The properties, with the subscript e are the free stream properties 
at the edge of the boundary layer and these properties along with the 
nozzle radius are a function of x only. The stream function, IJJ (x, y ) , 
is chosen to satisfy continuity; thus3 it can be defined by 
p u R = IMiiZi. (4-3) 
dy 
and 
p v R = 3^ x-y ) (4-3a) 
oX 
Now assume that the .boundary layer equations have similar solu-
tions. That is through the boundary layer, at any given x, u, I, and C. 
are functions of n only, and they are the same function of n at all 
values of x. It will be discussed later, but this puts a severe re-
striction on the solutions. Therefore assume 
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j - = g(n) (4-4a) 
e 
C. 
~ - •= z1(n) (4-4b) 
'i 
e 
The functions f (n), g (n) 9 and Z..(ri) are functions only of ri 
and the prime denotes differentiation with respect to n. The stream 
function is a function of both x and ri. An adequate expression for ty 
that will satisfy Equation (4-3) and global continuity is 
iKx,y) = (2 x ) 1 / 2 f (n) (4-5) 
Now apply the transformation equations, Equation (4-1) through 
(4-5) to the boundary layer Equations (3-1) through (3-4). Since there 
are many recurrent operations in the boundary layer equations, it is 
desirable to develop some useful operators. The first of these is 
3 _. _9_ dx_ 9_ dr\_ dx_ fa-R^ 
8x " V dx 3n" ;- dx ^ } 
dX dX 
From Equation (4-2) 
~ = p y u R2 (4-6a) 
dx e e e 
which yields when substituted into Equation (4-6) 
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(4-6b) 
Likewise, for the other coordinate 
_3_ p u e
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Combining Equation (4-6b), (4-6d) with Equation (4-3a) results in the 
following 
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Another useful operator is 
which reduces to 
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(4-9a) 
From the equation of motion for the inviscid core the following is ob-
tained for the pressure gradient 
dP due 
__. = _ p u ___ 
dx e e dx 
(4-10) 
which becomes in the new coordinate system 
dP 2 .2 .' „?. d ue 
-— = - p u y ;R 




First apply these operators and transformations to the momentum boundary 
layer equation, Equation (3-2); 
2
 D 2 p p u R u e e e f'(n) 
3 u f'(ri) f . 3 u a f'(n) e f(.n) e 
3x 2x 3n 
(4-12) 
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Define B, which is a function of ns by 
B = P U 
e e 
(4-13) 
Upon carrying out the indicated differentiation in Equation (4-12) and 
A 
simplifying the momentum boundary layer equation becomes 
2x d ue 
[B f M]• + f f» = — • —---
e dx 
2 we (4-14) 
Utilizing the same procedure for Equations (3-3), (3-4), the 
transformed species continuity equation becomes 
* f, g, Z^ are functions of n only and after each of these terms 
the functional symbol (ri) will be omitted. 
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For the transformed boundary layer equations to be total differ-
ential equations, it is necessary that the terms D, E, F. , j , N., and Q. , 
which are defined in Equations (4—17), be a function only of r\ or con-
stant. For the solution presented in this thesis many of these terms 
are identically zero. 
Local similarity will be., assumed, in the nozzle; i i-e. , at each 
point along the nozzle the value of these parameters will be calculated, 
and the boundary layer equations will be integrated with these values 
assumed constant * The validity of this assumption rests with comparisons 
of experimental measurements with -analytical results, which have been 
favorable in many previous investigations. 
Binary Mixture Simp1ification 
Item k on page 28 states that this work will be restricted to an 
ideal binary gas mixture of atoms and molecules of the same element. Let 
a represent the mass fraction of atoms, and 1-a will represent the mass 
fraction of molecules. The property of the atoms will be denoted by 
subscript A and1the molecular properties by subscript A 9. The following 
expressions hold 
2x LO , 
p p u R C. 
e . e ' i 
C+-17e) 
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e A (4-18b) 
Upon differentiation with respect to n Equation (4-18b) becomes 
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in Equation (4-16) reduces to 
r \ 












, a e. 
L - 1 e. 
hA " hA. ZA 
Since there are only two species present in the mixture only one 
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species continuity equation is required. The :equation for the atoms is 
to be used. 
The transformed total boundary layer equations with the appropri-
ate constants from Equation (4-17) are given below. The simplified sum-
mation from Equation (4-19) is substituted in the energy equation, and 
the resultant equations are functions only of n with the prime signify-
ing differentiation with respect to n., 
1. Momentum 
(B f" ) •; + f f" = D ( f ' ) • (4-20) 
2. Species Continuity 
IB 
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Frozen Boundary Layer 
It will be shown in Chapter V that the Lewis Number of the binary 
gas mixture is close to one, even though it is a function of r\ across 
the boundary layer. Under this condition, if there is recombination in 
the gas phase it .will have only a small effect on the magnitude of-the 
heat transfer to the wall. Fay and Riddell (12) showed that for a:cata-
lytic wall the stagnation point heat transfer solution is independent of 
the reaction rate through the boundary layer. It will be shown later 
that the solution to the applicable equations is insensitive to the 
atomic concentration at the nozzle wall; i.e., the surface enthalpy and 
concentration gradients.are not affected by the reaction rates in the 
gas,phase. 
Thus, it is reasonable to assume a frozen boundary layer, reaction 
rate of.zero, in the gas phase and with the catalytic wall, reaction rate 
of infinity at the surface, since the nozzle for an engine will usually 
be constructed,of metal which is catalytic to atomic recombination. This 
assumption of a frozen boundary layer permits an equation simplification 
without placing a serious restriction on the results obtained. 
At the wall the concentration of each species is determined by 
the wall temperature, since thermodynamic equilibrium is established at 
the catalytic surface. 
The nozzle radius is assumed to be much larger than the boundary' 
layer thickness, therefore the enthalpy gradient at the edge of the 
thermal boundary layer is zero,, thus no energy will be removed from the 
d I e inviscid'core. Therefore, and the term E in Equation (4-22) is 
dx 
zero. The restriction of frozen flow in the inviscid core, as outlined 
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in Chapter III, requires that the N. term in Equation (4-21) be zero, 
and the .frozen boundary layer approximation requires the same of Q». 
i\ 
In solving the frozen boundary layer equations,it is more con-
venient to work with the ideal gas stagnation enthalpy, rather than the 
total enthalpy. By removing the enthalpy of formation from the, equa-
tions , the energy equation is simplified, thus facilitating-its solution, 
Define a new;variable 
(4-23). 
I,. is the frozen stagnation enthalpy which is for the binary mixture of 
atoms and molecules 
o 
C • + 1-a C dT + \ - (4-24) 
It is desirable to introduce the simplification. 
hA •" \ = hA (4-25) 
Equation (4-25) is .exact when the specific heats of the two gases are 
the same., The .following relation for g is obtained 
f a 
e.. _,_ _ ,o e 




and for g' 
f a 
e ore 
g g j l + z,A nA z 
e e 
(4-27) 
Substitution of Equations (4-26) and(4-27) into.Equation (4-22) and 
simplifying gives for the energy equation 
_B_ ' 
Pr gI 
' Jf , ^ h? 
e ' e r. A 
i + f §1 i " + f I" 
, a •  
' ^ - A 
e A 
e e e 
(4-28) 
. ' ; • , " .1 
+ j Pr 
(1 - Pr) f', f" 
The species continuity .equation requires that the last term on the. left 
of Equation (4-28) be equal to the first term on the right. It is con-
venient at this time to define 
J = (4-29) 
Summary•of Equations 
The complete set of equations applicable to the frozen boundary 
layer is: 
1. Momentum 




2. Species Continuity 
iz1 
S ZA 
+ f-Z. = 0 (4.31) 
3. Energy 
t V 
'I FF-  +f @ 
J ~- (1 - Pr)f f" 
Pr 
(4-32) 
Seven boundary conditions are required for the solution of the 
above three equations. It is desirable to have all boundary conditions 
at one boundary; however, for the nozzle solution this is impossible. 










g I : "" JL 
zA + i 
(4-34) 
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If B is constant and D equal to zero then the solution of the 
momentum equation would be independent and once it was solved the species 
continuity and energy equations could be easily integrated by quadrature. 
However, B is a function of r\ across the boundary layer and its value 
cannot be assumed constant. 
As mentioned previously, it will be assumed that local similarity 
exists through the nozzle. The pressure gradient parameter, D, and the 
viscous dissipation term, J, change slowly along the nozzle; however, 
the equations will be solved at every point with D and J assumed con-
stant at their corresponding local values. It develops for nozzle flow 
that assuming D and J constant has only a. very small effect on the en-
thalpy, velocity, and concentration profiles in the supersonic section 
of the nozzle. 
To obtain a valid solution to the three non-linear total differ-
ential equations it is necessary to solve them simultaneously.! This can-
not be readily performed in closed form due to the complexity of the 
equations. The solution is of the two-point boundary value type since 
there are four boundary conditions at the wall and three boundary condi-
tions at the edge of the boundary layer. A numerical solution is re-
i 
quired and it is desirable ! to utilize the initial value technique to 
solve equations of this type. One initial value method; is to have the 
i 
three additional boundary conditions.represented by unknowns, integrate 
across the boundary layer to the three final known boundary conditions, 
and then solve a set of equations simultaneously for the unknown terms. 
This is prohibitive since it would require the simultaneous solution of 
approximately 425 equations to obtain a solution of sufficient accuracy. 
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A modified initial value technique is used to solve Equations 
(4-30), (4-31), and (4-32) with the boundary conditions given in Equa-
tions (4-33) and (4-34). In the use of this technique, values are 
assumed for the three additional boundary conditions at the wall; the 
equations are then integrated numerically across the boundary layer, 
and a procedure is used to modify the initial assumed boundary condi-
tions. New values are calculated. This process is continued until the 
boundary conditions at the outer edge are satisfied. The solution is 
presented in Chapter V. 
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CHAPTER V 
NOZZLE FLOW SOLUTION 
Introductory Remarks 
The objective of this research is to analytically determine the 
performance of a small nozzle when it is supplied with a dissociated 
binary gas mixture at a high temperature with a pressure of one atmos-
phere. Since the nozzle flow is divided into two regions, an inviscid 
region where inertial forces predominate, and a viscous boundary layer 
region where the inertial and viscous forces are the same order of mag-
nitude, two interdependent solutions are required. 
Due to the dependency of the transport properties on temperature 
and concentration the complete solution is restricted to a particular 
nozzle with a specific working fluid. Values of D and J in Equations 
(4-30) and (4-31) and the free stream properties for the particular noz-
zle have to be determined from the inviscid solution. Thus, the appli-
cable results for the boundary layer solutions are directly dependent on 
the properties of the flow obtained from the inviscid solution. 
Solutions to the boundary layer equations for a range of values 
of D and J will be presented. However, these results will be restricted 
to a dissociated hydrogen working substance flowing through the nozzle 
and the specified boundary conditions at the wall. 
Transport Properties 
Before the species continuity, momentum and energy equations can 
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be integrated,, it is necessary to define appropriate expressions for the 
transport coefficients which appear in the mass, momentum, and energy 
flux terms of those equations. The purpose of this section is to develop 
adequate equations for the coefficients of viscosity, diffusion, and 
thermal conductivity for a mixture of diatomic and monatomic hydrogen. 
It is difficult to measure transport properties of a binary gas 
mixture at the high temperatures associated with a plasma jet nozzle. 
Very little experimental data are available, and it is necessary to 
determine analytically mathematical expressions for these properties at 
the temperatures encountered in the nozzle. The values of the transport 
coefficients derived in this section evolve indirectly from Enskog's 
solution to Boltzmann's equation for the singlet-velocity distribution 
function. Although the values determined for the transport coefficients 
cannot be experimentally verified, they will be sufficiently accurate to 
provide meaningful results to the nozzle solution. Later when better 
values are determined the results can be improved. 
Viscosity 
Of all the transport coefficients, viscosity is the one that has 
the most available data. Thus, it was felt that it was not necessary to 
depend entirely on analytical expressions for the viscosity coefficient 
when some of the data have been verified at low temperatures. 
Spalding (38) presents values for the viscosity of H and H up to 
6000°R at low pressures. The values given are based on "Tables of 
Thermal Properties of Gases," National Bureau of Standards Circular 
564,1955. A very simple expression fits his results very satisfactorily. 















which reduces 'to 
yH = 1..21 yH (5-4) 
For a binary mixture Dorrance (36), states that the preferred 
expression for mixture viscosity is that proposed by Wilke, which re-
duces for dissociated hydrogen to 
y = 
XH yH H2 H2 
XH + 1.26 XR XR +0.76 XH 
(5-5) 
Spalding (38) suggests the use of the "Square-Root Rule," which is 
1+9 
f o r hyd rogen 
XH' ,JH + r i \ \ 
M= (5-6) 
As shown by. Equation (5-M-), there is only 21 per cent variation 
in viscosity from pure H to pure H ; thus the simpler expression 
y = XH yH + XH yH (5-7) 
should give excellent results. As the male fraction of monatomic hydro-
gen varies from zero to one there is less than 1 per cent variation in 
the values of viscosity between Equations (5-5), (5-6) and (5-7). There-
fore Equation (5-7) will be used in this work for the mixture •,.viscosity. 
When the expressions, for the viscosity of monatomic hydrogen and diatomic 
hydrogen from Equations (5-1) and (5-2) are substituted into Equation, 
(5-7), the results agree very closely with the values of viscosity given 
by King- (37). up to a temperature of 9000°R. 
In the viscous flow equations the viscosity shows up as a dimen-
sionless ratio in the- B term. The appropriate expression for v/v in 
terms of a and temperature is 
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Thermal Conductivity 
From the Chapman-Enskog theory the thermal conductivity for a 
monatomic gas is given by (36) 
h = fh»i (5-9) 
which gives, for monatomic hydrogen 
KH = 6.2 RH yH (5-10) 
2 2 
For a diatomic gas 
K = K (Eu) (5-11) 
where K is the value of the thermal conductivity assuming that Equation 
(5-9) applies and Eu is the Eucken factor to correct for the transfer of 
energy between the translationai and the internal degrees of freedom for 
the diatomic molecule. The suggested Eucken factor (36) is given by 
C 
Eu = 0.1.15 + 0,354-1- (5-12) 
Using Equations (5-11), (5-12) and the correct value for C , to be given 
later in this chapter, the thermal conductivity for diatomic hydrogen is 
K = 6.3 R__ y„ (5-13) 
H2 H2 H2 
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Upon comparing Equation (5-13) with Equation (5-10), it can be seen that 
sufficient accuracy is obtained by 
KH = KH (5"14) 
I Diffusion Coefficient 
The coefficient of self-diffusion for H is from Hirschfelder 




 ! ^ (5-15) 
2 2 P 0
2 «(1'1)" 
The deviation of any particular molecular model from the idealized 
rigid-sphere model is given by fi ' which is a function of the reduced 
temperature T . Where 
T* = — (5-16) 
The molecule or atom cross section is given by Sigma. 
For a binary mixture of H and H 
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£HH2 
The average values of a00 and -7 are given by 
MM K 
GH + °H 
0 = (5-18) 
HH2 2 
£HH U H £H 
Values of — and a are given m Table 4- for H and HA. These values • k o 2 
were obtained, by King (37) from experimental data for viscosity. 
Table 4. Force Constants for Transport Properties 
Gas a in Angstroms e/k°K 
H 2.,497 99.8 7 
H 2..729 86.1 
The appropriate value of 0, ' ' is tabulated in Hirschfelder, 
et. al. (39). Utilizing the appropriate values in Equations (5-15) and 
(5-17) it is possible to obtain the binary diffusion coefficient of the 
mixture as a function of the self diffusion coefficient of hydrogen. 
This is 
DHH = 1-3 \H (5-20) 
53 
Upon comparing the Chapman-Enskog expression for the viscosity of 
hydrogen with that of the self diffusion coefficient of hydrogen, the 
following result is obtained 
= 1.02 ~ (5-21) 
% \E-2 A* 
where 
(2 2) 
A . •= ii -- (5-22) 
Thus, an expression for the diffusion coefficient is obtained as a func-
tion of the viscosity of hydrogen, which is very convenient for deter-
mining the. Schmidt numbere 
Schmidt Number 
The Schmidt number for the mixture is a function of concentration 
and is given by 
S = — H — - (5-23) 
P DHH„ 
which becomes when the appropriate values are substituted in 
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S = 
1 .+ 0.65a 1 2 
1 + a J 1.3. p D 
H2H2. 
(5-21+) 
The density of the mixture is 
PH 
pvr^nr ' (5-25) 
Thus 
s = u_^v 
At 500°R the Schmidt Number of hydrogen is 0.73 and at 9000°R it is 
A 
V = S500 7 ^ (5"27) 
9000 9000 , 
From Hirschfelder (39) it can be seen that A __._ ̂  A _^0 and the Schmidt 
youu ooo 
number of hydrogen can be taken as 0.71 throughout the nozzle with 
excellent accuracy. Finally 





S o = ~ (5-29) 
Prandtl Number 
The specific heat of monatomic hydrogen is constant and at the 
temperatures encountered in the nozzle the specific heat of diatomic 
hydrogen is almost constant, since the vibrational mode is almost fully 
excited. The specific heat of the mixture is 
C = a C • + (1 - a) C (5-30) 
P PH PH 2 
Using Equations (5-7) , (5-10), (5-14) and (5-30) the Prandtl number as a 
function of composition is 
P =
 (1 + °;65aKl.+ 0.13a) y _3 
r (1 + a) 
The Prandtl Number varies from 0.7 to 0.65 as a varies from 0.0 to 1.0„ 
This can be considered a negligible change in comparison with the bound-
ary layer assumptions ; therefore, for the solutions the Prandtl Number 
will be assumed constant and equal to 0.675. It: could be considered a 
variable parameter in the viscous flow solution, but it is thought that 
the contribution would be negligible. However, the Schmidt number must 




Performance is the primary criteria for rating a nozzle for a 
rocket engine. For a small rocket engine of approximately one pound 
thrust it is especially important, and for every application there is an 
optimum nozzle selection. To obtain this optimum nozzle it would require 
a very thorough and extensive investigation. This research is concerned 
with evaluating the effects of friction and heat transfer on nozzle per-
formance, and once the method is developed it is a simple matter to de-
termine the optimum nozzle. Thus, at the present time it is necessary 
only to choose a nozzle for the purpose.of illustrating the method; how-, 
ever, the nozzle chosen should have specifications that are in line with 
a particular application. 
Since most low thrust engines will be operating in space, the 
optimum nozzle, when neglecting friction and heat transfer, would have a 
large expansion area ratio. However, this would require a long nozzle 
whose performance would be impaired when performing with these effects 
present. 
The nozzle chosen for this solution has a convergence and diver-
gence area ratio of four. The convergence half angle starts at approxi-
mately 45° and decreases to zero at the nozzle throat where!x is 0.4 
inches. The divergence" half angle increases to 10° in 0.086 inches and 
then it remains constant until the nozzle exit. Dimensions:of the nozzle 
chosen are given in Figure 3. The cross sectional area of the chamber at 
the .nozzle entrance is much larger than the.nozzle area at the entrance. 
The fluid properties entering the nozzle are: 
1. A binary mixture of monatomic and diatomic hydrogen in chemi-
0 . 6 " D i a . 
0 . 3 " D i a . 
x^ = .40 i n . - 1 X 
T \J, / 
= .486 0 , 6 " Dia 
7 
± 
F i g u r e 3 . N o z z l e . 
en 
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cal equilibrium at 9000°R and one atmosphere pressure. 
2. Uniform velocity profile with flow only in the axial direc-
tion. 
-3 
3. Mass flow rate of 10 lb/sec. 
Inviscous Flow Solution 
The analytical solution of the undisturbed free stream through 
the nozzle is readily obtained by use of one-dimensional isentropic flow 
theory. Except in the vicinity of the nozzle entrance, there is only a 
small deviation from an axial velocity for the frictionless flow. This . 
is'due to the judicious choice of the particular nozzle, which has a very 
nominal area change with distance along the nozzle axis. 
Chen (40) presents experimental evidence that thermodynamic equi-
librium is maintained from the entrance to the throat for the flow of 
dissociated hydrogen through a nozzle similar to the one under analysis. 
He concludes that thermodynamic equilibrium exists as long as the time 
rate of change of the mixture's temperature is small, but when it becomes 
large in the vicinity of the throat the flow shifts from equilibrium to 
frozen. 
To insure closer application of the results, the free stream prop-
erties will be computed assuming equilibrium flow in the entrance section 
up to the throat and frozen flow downstream of that point. The shifting 
equilibrium causes a change in composition due to the recombination and 
is accompanied by a release of energy,, Concentration of the atoms will 
decrease from 0.95 at the nozzle entrance to 0.90 at the throatc This 
recombination will release sufficient energy to raise the ideal gas stag-
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nation enthalpy from 43,950 Btu/lb to 48,170 Btu/lb. In effect, the 
atomic recombination causes an increase in the stagnation temperature. 
Determination of the free stream properties in the nozzle con-
verging section is very difficult when the flow is considered to be in 
equilibrium, since an iteration process is required. The flow in the 
entrance section will be treated as pseudo-frozen to facilitate the 
calculation of the flow properties. A suitable value of n is used for 
the polytropic process of the gas to account for the heat addition. The 
properties can then be calculated by use of the perfect gas relations 
using an average value of the concentration, 
In solving for the free stream properties through the nozzle, an 
n of 1.25 is used in the converging section and a k of 1.629 is used in 
the diverging section (37). The free stream concentration of H is con-
sidered to be 0.93 in the converging section of the nozzle and 0.9 in 
the nozzle expansion. These values are used throughout in the viscous 
and Inviscous solution <= 
It was anticipated that the boundary layer would cause a differ-
ence in the effective area seen by the frictionless fluid and the nozzle 
cross sectional area. This difference would lead to errors in determin-
ing the free stream properties and would require an iterative solution 
of both the viscous and inviscous portions of the flow.v Fortunately 
this was not required since the boundary layer displacement thickness 
was very close to zero for the first 0.5 inch of the nozzle. At this 
point it started to grow and it became only 0.03 inch at the nozzle exit. 
Thus only a nominal correction is required in the vicinity of the nozzle 
exit. 
60 
Integration of the compressible flow equations is required for 
determining the values of D along the nozzle. As shown by Shapiro (33), 
it is easy to arrive at expressions for the fluid properties as a func-
tion of Mach number; but it is difficult to obtain the Mach number as an 
explicit function of area or x. When integration with respect to x is 
required it is performed graphically. 
All of the free stream properties are made dimensionless by 
dividing them by their respective properties at the nozzle throat. This 
dimensionless property is denoted by a bar. 
Applying the one-dimensional compressible flow equations to Equa-




A m 0.64 
A T 
e 
' 2 dA_ 
-? ~ ' dx 
(M"- ~ 1) Q X 
(5-32) 




Substitution of the dimensionless properties in Equation (4-2) 
for x gives 
_ - - - 2 - 2 
x = f P . P y , y u , u R, R dx ' et e et e et e t 
(5-33) 
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P _̂s V ^s u _,_, and R^ are independent of x and from the global continuity 
et et et t -7 
equation for steady flow 
p u R2 = 1 (5-34) 
e e 
Equation (5-3) then reduces to 
x 
m — rn c 
x = — U a. J V dx (5-35) 
TT et J e 
o 
Rearrangement of Equation (5-8) for y with constant a and substituting 
into Equation (5-35) gives 
m fX - 0.64 
x m f - u.tiq- , , c 0_, 
— y . J T dx (5-36) 
TT et J e o 
Within the conditions imposed on the particular nozzle 
y J = 29.2 x 1()"'
6 -~^-— (5-37) 
et ft-sec 
and 
m = 10"3 lbm/sec (5-38) 
D and J are shown as a function of x in Figure 4. The discontin-
uity in the curve for D is due to the shift from equilibrium to frozen 
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flow at the nozzle throat. 
Viscous Flow 
Prior to entering the nozzle the flow is uniform and there are no 
velocity gradients. Upon entering the nozzle the fluid that contacts the 
nozzle wall is decelerated to zero velocity. At this point the flow is 
broken down into two regions, the inviscous region and the viscous or 
boundary layer region. 
Solving for the properties in the boundary layer requires the 
simultaneous solution of Equations (4-30), (4-31), and (4-32) with the 
boundary conditions at the wall., Equation (4-33) and the free stream 
boundary conditions, Equation (4-34). Integration of the three equations 
is performed numerically by use of the Runge-Kutta method. An initial 
value technique is utilized which requires assuming the values of three 
additional boundary conditions at the wallo Values are assumed at the 
wall for f ", gT ', and Z ' . w Iw Aw 
Keeping track of the solution and the associated equations is. 
readily accomplished with the Runge-Kutta technique which makes it 
desirable for use on electronic computers0 When applying it to a second 
or higher order equation it is usually desirable to break them up into 
first order equations, again simplifying the accounting procedure. The 
three total differential equations for the viscous flow are first broken 
down into seven first order equationso Equation (4-30) for momentum 
is a third order equation and it is changed into three first order equa-
tions . Equations (4-31) and (4-32) for species continuity and energy 
are both.second order equations and each of them convert to two first 
order equations. 
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The seven first order differential equations are 
2 He (f) - — V ( B +f) (5-39) 
:M - iCfM 
dn 
(5-40) 
ft = M. 
dn 
(5-41) 
g" = J (1 - Pr) B' 9 
~ f« f" + ( f" ) " + f ' f " 
J3 










B B (5-44) 
A. d n A 
(5-45) 
It is necessary to have B', B, — , and S as functions of f", f' , 
f, g;1, g_, Z'9 and Z. in order to successfully carry out-the required 
integrations, Recalling Equation (4-13) for B, 




Equation (5-8) is an applicable expression for — as a function of a and 
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T. Applying the perfect gas equation of state to the mixture gives 
1 + a T e e 




1 + 0 .65 1 
a 1 + 0 65 a 
e 
l + c |2fT l0-36 
e e 
1 + a 
(5-47) 
An assumption for the1value of C is required to reduce Equation (5-47). 
PH/-) 
c. 
The frozen ideal gas static enthalpy is given by 
h = [a C + (1 - a) C "] T 
f PH •pH? 
(5-48) 
C is constant at 4.92 Btu/lb°R, but C is a function of T, and a 
PH \ 
suitable average value has to be chosen for Equation (5-48), the integral 
portion of Equation (4-24),.to apply. For the ranges to temperature in-
volved in the nozzle, the vibration mode of diatomic hydrogen is par-
tially excited. However, a suitable average value from 0°R to the tem-
perature in the nozzle is 3,9 Btu/lb°R, Thus 
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Rearrangement of Equations (5-50) and (5-49) with Equation (5-47) and 
recalling that a = a Z gives 
e Pi 
B = 
1 + a 
e 
2 
1 + a e ZA 
1 +. 0.65 a Zfl e A 
1 + 0.65 a 
3 86 + a 
e ZA| 
3 86 + a e 
0.36 
(5-51) 
2 - J 
2 gz - J ( f )
2 
0.36 
Differentiation of the above with respect to n and rearranging gives 
B' = B 
0.65 0.36 
1 + 0.65 a Z. 3.86 + a Z. 1 + a Z. 
e A e . A e Â  
a .Z 
e A , 
-^— (5-52) 
0.72 (g' - J f f") 
2 g-r - J ( f )
2 
Likewise rearrangement of Equation (5-46) gives 
1 + ae h 
1 + a 
3.86 + a 
3.86 + a Z. 
e A 
2 g : - J (f
1) 2 
2 - J 
(5-53) 
Equation (5-28) becomes 
S = (1 + 0.65 a Z.) S 
e A o 
(5-54) 
In addition to solving the viscous equations for f", f', f, g'̂  
gT, Z', and Z. it is desirable to solve for the displacement and momentum 
Pe thickness. Also, it is necessary to integrate the value of — across 
the boundary to revert from the x, n coordinate system to the x, y 
coordinate system. 
Equation (4-1) is 
p u R y 
e e r p • . 
n = —^m > rdy 
(2x) o e 
(tt-1.) 
Rearranging and solving for y 








p u R 
e e 
(5-56) 
which becomes for t h i s nozzle in known terms with x in inches 
Y = 0.123 R T ° - 6 4 dx 
e 
( 5 - 5 7 ) 
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The displacement thickness, 6 , is given by 
n 
6" = Y / 
o 
and the momentum thickness, 6., is 
P 
dn . (5-58) 
r\ 
= Y / (1 - f ) f dn (5-59) 
o 
Integration of the Viscous Flow Equations 
Numerical analysis is readily applied to the solution of differen-
tial equations of the initial value type; i.e., where all of the boundary 
conditions occur at the point of initiation of the integration. The 
problem under consideration is of the two point boundary value type, 
where seven first order differential equations have to be solved simul-
taneously. To solve them by the initial value techniques requires seven 
boundary conditions at the wall. Only four boundary conditions,are known 
at the wall which are from Equation (4-33) 
f = 0 f = 0 
n = 0 (4-33) 
gI = glw ZA = ZAw 
It is necessary to determine three more boundary conditions at 
the wall, f", Z! , and g' , such that when the integration is carried 
w Aw iw 
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out;the three known conditions at the boundary layer's edge will be 
satisfied., The boundary conditions at .the boundary layer's edge are 
n •-*• °°- g j -* l 
f'' -*• 1 z. + 1 
A 
(4-34) 
When the same coordinate system used in this research is applied 
to the momentum equation for an .incompressible isothermal fluid, Blausius' 
solution for the flat plate will lead to a value of f' of 0.99 at r\ equal 
to 3.5. In order to insure that the solution to the additional energy 
and species continuity equations will not be restricted, the equations 
were integrated out.to a value of n of 7. In the integrations,. this 
value was shown to.be adequate, since the maximum value of r\ for an f 
of 0.99 was 4.33. This particular integration was for both D and J zero, 
and for most of the integrations this value of n was less than 4. Then, 
the upper limit for integration, °° in Equation (4-34), can be replaced 
by 7. An example of the computer program used to solve these equations 
is given in Appendix B, and a discussion of the Runge-Kutta method is 
given in Appendix C. 
Usually it is impossible to assume initial values of f", Zl , and 
W AW 
gi: that would give the values in Equation (4-34) on the first attempt. 
The method followed is to guess the three values and then integrate 
across the boundary layer. For reasonable accuracy and to conserve time 
en the computer, a A r\ of 0.05 is chosen, thus 140 points are taken 
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across the boundary layer. It is desirable to have the values of f, f' , 
f" , g , g', Z. , Z' and the integral portions of Equations (5-55), (5-58) 
J. J. A A 
and (5-59) only for steps of n of 0.25 so the corresponding values are 
to be : stored in an array while the integrations are performed on the 
computer. 
With, the assumed values of f" , g' and Z! , two difficulties 
w tolw Aw 
could arise on the first integration since the bounds of Equation (4--3M-) 
cannot be guaranteed if the values are out of range. It is always neces-
sary that 
2 gx > J-(f)
2 (5-60) 
However» if the initial value of f" is too large, this can be violated-
' " . W ;; • • 
and the operation 
2 -J 
2-gj.- J (f!.)" 
0.36 
in. Equation (5-51) cannot be performed • since the term within the. bracket. 
becomes negative or1 infinite. Also in order to be within range for the 
iteration, it is desirable to keep ff positive. A technique.is incor-
porated in the program to raise the value of f" if f becomes negative, 
w 
and to lower, its value if Equation (5-61) is violated. This modification 
is repeated until integration can. be completed without f' being negative! • 
or 
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( f r > -~j^-
e J 
After the first integration is completed the values of f' , g , 
Z. are compared with Equation (4-34) to see if they agree within 
z\e 
tolerances of 0.0001. for small values of D and J and 0.001 for the 
larger values, to conserve computer time. If this tolerance is not 
satisfied, three more integrations are carried out with changes in the 
values of the assumed boundary conditions. For each of these three inte-
grations, one of the assumed boundary conditions is changed by the value 
of the influence coefficient, IC. Let f", gi , Z' , f' , gx n , and 
w Iw Aw el Iel 
Z. be the values arrived at for the first complete integration. Then, 
Ael 
for the second integration 
f" = f" t IC (5-61) 
w , w 
while g' and Z. remain unchanged. This-will give values of f' , g, ^, toIw Aw to e2 toIe2 
and Z. _ at n = 7. For the third integration f" and Z' are used and 
Ae2 w Aw 
g' = g' + IC (5-62) 
wz w 
leading to values of f'_, gl 0., and Zrt 0. For the last integration & e3 Ie3' Ae3 
before an iteration to new values is performed 
z' Q = Z! -I- IC (5-63); 
Aw3 Aw 
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It is apparent that 
f' - f' 
3f en e 
.--, <=j 1 
af* ic 
w 
f» _ f» 
>f en e 
(5-64) 
4; - -V-1 <*"*> 
and 
f.» _ f 
9f e. re 




Likewise, similar expressions can be written for gT and Z. . Now it 
can approximately be stated that the desired change in the conditions at 
the boundary layer edge is 
9f 9f 9f 
-I l-il . '— -1 I >-df1 = ̂  df" + 7-f- dgj + T-~- dZ! (5-67) 
e 9f" w 9g' &Iw 9Z' Aw w Iw Aw 
3gIe 3gIe 3gTe 
dgIe = ̂  • df; + ^f- dgiw + tff- dZ^ (5-68) 
w Iw Aw 
8ZAe 9ZAe 3ZAe 
dZfl = T^F- ..!df" + 7T-F- dg! +--,;— dZ! (5-69) 
Ae 3f" w 3gi Iw dZ. Aw w Iw Aw 
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From the known conditions it is desired to have 
df = 1 - f' (5-70) 
e el 
dgIe = 1 - g (5-71) 
d Z A e = l - Z A e (5-72) 
Three algebraic Equations (5-67), (5-68) and (5-69) contain three un-. 
knowns, Adf", > dgi and 'dz! , which can readily be obtained by solving 
W 1W . Aw 
them simultaneously. Thus the new values of f", gl , and Z' will be 
w Iw Aw 
obtained by adding the respective values of •. df" , dg' and dZ' to the 
w Iw Aw 
values used for the first successful integration. 
The above procedure is repeated until the jdesired accuracy on ' !i 
Equation (4— 34-) is satisfied. When this occurs the^answers!, are'printed 
out and the solution proceeds to the next value of D and J. The assumed 
values for the boundary conditions for the second combination of D'and J 
are the values that gave the correct result to the first set.; Therefore, 
when the assumed values of f", g{ and Z' are read into the program they 
W IW . AW i j; j 
j n ' •• '•': ' I M 
are used only once. ! j 
-4 •. ••. . !•'• h ] 
IC was chosen to be 10 for the earlier solutions with small D 
and J, but for the larger values of D and J it was necessary to decrease 
— R 
IC to 10 for rapid convergence of the solution. For D = J = 0 an IC 
3f 
-4- e 
of 10 was adequate since TT^—- = 2.81, but at values of D = 2.7 and 
3f< 3 w 
e . 




•ie to 10~5. 
Convergence of the solution was also aided by the lower values of 
IC. As an example, 26 complete iterations, or 105 integrations, were 
8f' 
required at D = 2.7 and J = 0.2 where -^- =4,560 for IC = 10 ; but when 
W -6 
D was increased to 2.9 and IC reduced to 10 only 4 iterations were re-
df[ 




For more generality, the integration of the viscous flow equations 
was not limited to the values of D and J required for the particular noz-
zle considered. A total of 65 integrations were carried out for various 
values of D, J, gT , and Z. . In the majority of the solutions, gT was 
1W AW 1W 
taken as 0.4 and Z. as 0.05: however, other values were used to deter-Aw ' 
mine their effects on the overall nozzle performance. 
A summary of all the solutions is given in Table 5 of Appendix D 
where values of fM, g' , Z' , <5X and 0_ are tabulated for all of the w Iw Aw I I 
A 
*t 
solutions. 5 and 6 are the integral portions of Equations (5-58) and 
(5-59), respectively. A tabulation of 24 representative integrations 
across the boundary layer is given in Tables 6, 7 and 8. In these tables 
values of f, f', f", gx, gj, Z., Z' are given for values of n between.0.0 
and 7.0. 
Typical variations of the velocity, velocity gradient, enthalpy, 
enthalpy gradient, concentration, and concentration gradient profiles are 
given in Figure 5, 6, and 7 where these quantities are plotted for three 
different extremes of boundary conditions. 
The boundary conditions at the wall, and the dimensionless dis-
75 
placement thickness, are plotted in Figures 8, 9, and 10. Plots of f", 
w 
Z! , and 6T are given as functions of D and J for gx = 0.4 and Z. = 0*5. Aw I ° °Iw Aw 
When changing the boundar}' conditions all of the solutions seem to 
revolve around g| which is almost constant; therefore, no plot of gT is lw » *- t>jw 
given. For the 65 integrations, g' ranged from 0.1107 to 0.1381 while 
lw 
f" varied from 0.1928 to 0.6981. Variation of Z! was intermediate, from w Aw 
Pe 
0.1013 to 0.2268. Strong effects of g and gj on B, B', and — a r e prob-
ably the reason that there is very little change allowed in gl between 
lw 
the various boundary conditions. This can be seen in Figure 6 where the 
enthalpy gradient profile for D = 1.2,, J = 0.2 is the same for g = O.M-
as for gT = 0.1^ 
lw 
Consideration of variable properties across the boundary layer 
exerted some very interesting effects on the integration results. With 
constant values of Pr, S, B and p the quantities f"' , gll, and Z" are all 
zero at the wall and become negative immediately as the integration pro-
ceeds from the wall, and they will remain negative across the boundary 
- f" B' 
layer. Equation (5-39) for f"' contains a term , Equation (5-42) 
B 
- B' 
for g'' contains a term — ~ gi and Equation (5-44) for Z' contains a 
IS' B'1 - =—I Z' when variable properties are considered. From the in-
vestigation of Equations (5-51), (5-52), and (5-54) it is apparent that 
all of these terms are positive at the wall since f", gl, Z' have posi-
tive values at the wall; thus it is necessary for f", gj, and Z' to ob-
J w toI A 
tain their maximum values at some point other than the wall, and then to 
decrease in order to reach zero at the bounary layer's edge. For large 
values of D and J, f" reaches its maximum value by n = 0.2, but a larger 
w 
n is required before g| and Z' reach their maximum values. 
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— ̂ — — — i h" — "1 -r - 1 -t 
— 1 M ... ~ "< M " i - .... -1T1 1 ! i -rrrtt 
—f—r—!—j—}— 
! T T T " « |p 1 . . . 1 . . —! ~ i • • r
3 
- ! 1 " 
! 
i - — H 
h - ^ - - - j - r~ - ! _ | . |__i —T ! i IJ[ p-'-t ' L 3 3 ^ J i . . -t-i-H" 
_T . r 
h ^ L T J .. ..l-U 
• ! 
" f r 
_ 
i i r -4 - j _ L h4-i-1 .[.rjrt^tt: 
' r 1 i ! ' I ! i 
i I h.j.... i ^ ! • T^ 
i l l 
LL--U... 
h r~ 1 i i 1 ' . . ! i pp ' i l i *" i I '" .... • i-4- — 
: 1 | L 1 L ,_. 
L 
r 4- i--t—t-t-4--1-+-i 1 - ... 4.4. ._. —i—!—1 1 X p t i . .-I rrtt 
" P T 
t r 
1 1 ' 
TT1 44-^111 ! i _ i _ . - i - r" "*' • - ft^ 1 — .-^ " T ~ : — i— ! I ! ; ! • • 1,,- ' 1 " " t~1 i 1 j i f r - ._ ...... 
1 
yri. ! | t • • j — ! ~ ~ " 1 1 , j. , . . t ^ I . . ] I 
, i . - i... - * • ! i~ 
=i5 25 
i j -
- • f - i - ^ t i . 
3±tf 
— i ~ t—r—{— 
. j | I 1 
i • J 
F f T -
4 - 4 ^ •• 
-i _j_4-"t"" - ' 1 
.--L, 
i ' f i ' .... ... 
I . L 4 - " ; "1 ! ! 1 . 4. 1 -1 - - } - - -- __, i " " I " f i - i • k4-4-4-l _ ::\z: t - j -• T r . . i i - 1 ' 1 , U l 3 j .. •- - - f ' i T t l 
—t-' - f- i- i c r ( ... L_i_4_|—:-- •-4-*i ~i~ 
i •• 
| ... • • 
J -4- 1 
_ i — - ^ ... f - r ^-1 "~ 
1 • 1 
. 
1 
! c ' U 
1 
+ -ja T~ P-R " _J_ 1 - u ....... ( - - j ^ ... r_|_: 1 .... l- c 3 1 1 i i ' 1 1 
- - • 
,-j 
Z _ j -+~ -f' ... u 
.. _ J — f . _ . 
- . i . L . 
1 J 1 — 
- • • 
=H ... — - r 
i _._ t f r ! 
. . „ . . „ -- _. —1—' • - H --J--
r i T 
T ! M 
I t j rt 
i 
" f~T" i 
u t o •• • -
~ ~ 
H-1:L[- 1 i _ r~ _._ 
:£ 
i ! 
- "1 — i _. - ... _ i _ - — • - i ! i i - - _. 
2 i ' fci~-: 
T" 1 
W I pipr r t l i L I -- -1 ._ 1 X ~r~<~i 1 j i 1 - ,- - — 1 1 - - 1 _. rf- 1 .... j _ i "TTt+r -4- ._l_ ... , 1 h-j- ... ._ -f- _ L~ l 
0 r 
4 J L 1 i i Vr J— _ — — .... ... i i " • L_L.i. r~4 .JI^TT" 4- i ^ ult t ~ i '—f • 
... 4 _ _ i _ . \\\ -
.... L r r , • 
Ii~TT 
...1 .__ - ~+1 r j r I 1 ! 1 vjor - _. ... i i 1 R - •u . i * 1 AJ fcT : lu 
^ ' r i i |... 
_ U . 
.._ L1 v - 4_ i ._ 1 ... _ . " ~T'"'"IT- 4_ _ ] _ _ U f - - _. - - - - 1 1 --T̂ -- f .. ! 1 h* ! ' 
i 
— _. - ... ... ..._ 4_ 
"I 




... ... _ -
-• ..__ T ... - -
- -
— -
- - -, -[- _ - j 1 —1 1 I 1 M^" i - - ! • ... _ j _ . - I ... _ : I I X 
• i 1 1 
... y- p 
i - 1 - -- 1 - i _ ... : -
i. 1 I 
—f—r~ 
j i i ._ -
— -






_. j I .... _ _ — I_ _ - "h 
r .1 
u J / t 1 __ i 1 : r i t ^ _ ... I J4 h J ^ . _4- r t £ _. f l n J h i - - r •j J L-5 4- 1 ... 1,-G i i T. T"" ... -4-+-
1 1 T 
- t - L t __ u "T't" X L i f~ ] i 1 
P >. 1 P h , tfc- H 3 ,-»L-.l (i 2* A 1 H i j ^. TLL . . j . r l - ~ T̂  * i f. Fl E^ P i1™ FT \\X p r ^ i r t , Q r y. Tt€ h+ [-p .<w fl - , j - " t E l l i n CO 
o 
' 1 1 1 ! 
i-,—W 
fj^-ID -&ft4-|J .+-!-i-l 
82 
Dorrance (36) shows that for I) = J = 0, the wall gradients can be 
evaluated by 
0 47 f". = J±1L (5-73a) 
•w ..; 1/2 
0 47 1 / 3 
' - -~-P.^ (1 - gT ) (5-73b) 'Iw -1/2 r tolW 
B 
0 47 Q 1' 3 
ZA = ~ - ^ (1 " ZA ) (5-73c) 
Aw r,l/2 Aw 
B 
It is obvious that the above expression would be true if B were 
constant across the boundary layer. However, as explained above, the 
consideration of variable properties require that the maximum gradients 
be at some point other than the wall; therefore, the gradients given by 
Equation (5-73) would be expected to be too large, since the gradients 
increase from the wall, pass through a maximum, and then decrease to zero 
at the boundary layer's edge. The values calculated at D = J = 0 were 
0.77 of the values given by using B in Equation (5-73). 
w 
An attempt was made to find a simple expression of f" as a func-
w 
tion of D and J. Unfortunately, this endeavor was unsuccessful; however, 
interpolation and extrapolation can be used successfully to obtain aj 
great deal of information from a few calculations. 
Another interesting result of considering variable properties is 
negative boundary layer displacements. In certain cases, when the effects 
of increased density are greater than the effects of reduced velocity in 
83 
the boundary layer, negative displacement thicknesses are,the :result. In 
all cases, the ratio of displacement thickness to boundary layer thick-
ness is less than that for the incompressible case. The significance of 
a negative displacement thickness is that the mass flow rate per unit 
area is greater through the boundary layer than it is in the free stream. 
Larger momentum thicknesses are the result when the displacement thick-
ness is small or negative. 
Energy is transmitted to the wall by two methods. There is heat 
transfer to the wall by conduction, and monatomic hydrogen is recombining 
at the surface. The frozen boundary layer approximation and the catalytic. 
surface assumption require that all reassociation take place at the sur-
face. Therefore, the concentration of atoms at the surface is determined 
by the temperature of the surface. By performing an energy balance, see 
for an example Dorrance (36), the total energy transferred to the surface 
per unit area is 
^w 9y^ 
+ p D, 
H!H, 
w 
9a , 9(1 - a) 
h,.T -r— + n, H 9y H0 3y 
(5-74) 
which becomes in the x, n plane 
% = 
-± B- - ^ 









The heat transfer in terms of enthalpy is 
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- q; 









For the characteristic length in the Nusselt number, xT is chosen for 
convenience as 
- t2x) 1 / 2 
XI p u R 
w e 
(5-78) 
Equating the right hand sides of Equations(5-75) and (5-76), 
solving for h and substituting it along with Equation (5-78) into Equa-
tion (5-77) gives for the Nusselt number 
Nu = 
1 " g Iw 
[Si + A ZA]w (5-79) 
A is the amplification factor for the heat transfer due to the atomic re-
combination' at the surface. A is given by 
A = 




The bracketed term on the. right of Equation (5-79) is plotted in Figure 
11 for two values of A, and it shows that Nu is in essence independent 
of D and only slightly dependent on J. 
Newton's law of viscosity for laminar flow is 
3u 
T = y r— w w ay 
w 
(5-81) 
which becomes in the x, n coordinates 
p y u R 
T -
 w w e
 fit 
w (2--}l/2 w 
(5-82) 
The coefficient of friction based on x is 
2 T 
Cfx = '2 p u w e 
(5-83) 








p u X_ 
w e I (5-85) 
00 
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Particular Nozzle Solution 
From the general results given in the previous section, the solu-
tion for the values of D and J given in Figure 4 for the particular noz-
zle illustrated in Figure 3 is obtained. The correct value for each 
point along the nozzle was determined by interpolation and extrapolation 
from the general results. For the particular solution discussed in this 
section gT was taken as 0.4- and Z. was taken as 0.05. This would cor-toIw Aw 
respond to a constant wall temperature of 4680°R, which is possible with 
a tungsten nozzle. 
Illustrated in Figure 12 is the range of values of B through the 
w 
nozzle. Figure 13 illustrates the values of f", g' , Z' and 0T through 
w iw Aw 1 
the nozzle. Values of Y for converting from the x, r\ planes to the real 
plane is given in Figure 14. The momentum boundary layer thickness 
divided by the nozzle radius is also given in Figure 14. Figure 15 shows 
results for both 6 and 6 . 
For the particular nozzle under discussion, the heat transfer rate 
per unit area is 
B y I 
. qw = 0.167 - ^ j — (g' + 2.28 Z ; ) w (5-86) 
2 
The heat transfer rate in Equation (5-86) is in units of Btu/in -sec and 
the variation of heat transfer through the nozzle is given in Figure 16. 
Nozzle performance, or overall, engine performance, is reduced by 
the friction and heat transfer to the nozzle wall. At the nozzle exit, 
the momentum thickness is 0.017 inches which causes an 11 per cent re-
duction in the thrust from that calculated for an identical nozzle with 
—; ) , f - 1- ^ ^ 
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Results of this analysis indicate that friction and heat transfer 
can account for at least a 10 per cent reduction in the specific impulse 
of a small nozzle. When it is realized that all of the other irreversi-
bilities have been eliminated from the analysis, this is within the 
proper range when the results of actual plasma jet engines are considered 
Items not accounted for in this analysis were the turbulence and 
swirl required for good mixing in the arc chamber, and the fact that in 
most arc jets the arc is attached through the nozzle throat. Thus the 
gas is well on its way to complete expansion before it receives all of 
its energy from the arc. These items will account for a large increase 
in losses due to friction and heat transfer, and it accounts for the poor 
performance to date for all tested plasma jet engines. It indicates that 
considerable work is needed in optimizing the thrust chambers for the 
small engines. 
At this time it is desirable to discuss the effect of various 
assumptions on the overall applicability of the analysis. 
1. Local Similarity--Unfortunately the conditions within the 
nozzle are such that total, similarity cannot be used. To obtain an 
analysis, local similarity was assumed. As can be seen from Figure 13, 
0.2 inches from the nozzle entrance to the exit there is little varia-
tion f", and almost no change in Z' and g' . Even though f" has a large 
W AW 1.W W 
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variation when D and J change, investigation of Figure 13 shows that gj 
Iw 
and Z! are almost constant through the nozzle; therefore, when this Aw & ? 
method is used to calculate heat transfer, excellent results should be 
obtained. In general, this is reiterated by Figure 11. Therefore, the 
local similarity assumption appears to be within reason. 
2. gTT' = 0.4 —By reducing gT to 0.1 the conditions for total —Iw J Iw 
similarity could be realized from the analysis, since the variation of 
f" would be reduced by a factor of 7. However, this would be an unre-
w 
alistic restriction since the heat transfer rate would be increased and 
the performance would suffer due to a 2.6 per cent larger momentum 
thickness at the nozzle exit. 
Equation (5-75) illustrates the increase in heat transfer when g 
Iw 
is reduced from 0.4 to 0.1. Under this boundary condition Z. would be 
reduced about 40 per cent. Every other term in Equation (5-75) would 
remain constant except B which would be increased by approximately 74 
w 
per cent. Thus, it would result in a heat transfer rate increase of 
about 20 per cent. 
3. Catalytic Wall—This appears to be an excellent assumption 
since a large increase in Z. results in insignificant effects on all 
° Aw 
other terms, except the heat transfer. However, increasing Z. from 0.05 
to 0.15 decreases the heat transfer only about 9 per cent. 
4. Boundary Layer Assumption--In Appendix A in arriving at the 
boundary layer equations it was assumed that 6 was an order of magnitude 
r 
less than R. Figure 14 shows the variation of the ratio —throughout 
the nozzle. When consideration is given to the small size of the dis-
placement thickness it appears to be an excellent justification. There 
lie 
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is almost no mass crossing the edge of the boundary layer, except at the 
nozzle exit. 
5. Accuracy of Numerical Results--The inherent error of the Runge-
Kutta method is discussed in Appendix C. As a check on the accuracy and 
method of solution, a solution was obtained for D = J = 0, a - a = 0 , 
e w 
B = 1. and gx = gx = 1. The classical Blausius' solution was obtained. 9 toIw toIe . • . . s. 
and the results agreed to the fifth place. The results were the same re-
gardless of the initial assumed value of f"; convergence of the solution 
w 
was rapid. 
Conclusions and Recommendations 
It is felt that this work is an important step in understanding 
the performance of small nozzles with high velocity dissociated gases 
flowing through them. Although the effect of dissociation is to increase 
the heat transfer rate to the wall by a factor of 3, over a single spe-
cies, with modern materials this can be readily accomplished in the 
design, and it does not limit the application to small engines. 
One favorable result is that the friction and heat transfer effects 
do not completely stifle the 'development of small engines of this type, 
since their effects reduce the thrust only by 11 per cent. However, when 
comparing performance of engines of this type the actual performance suf-
fers much greater in comparison,to the theoretical performance. This 
would indicate that much work is needed in solving the thrust chamber 
irreversibilities, where a lot of turbulence is induced by swirl in the 
thrust chamber to aid the mixing of the gases heated by the arc, and the 
97 
arc being struck through the throat. 
An excellent method to extend this work is described by Kunz (M-l). 
He has developed a procedure whereby the results of this analysis;could 
be experimentally verified. This should be initiated as soon as possible 
after the necessary high temperature gas generator becomes available. 
It should be pointed out that the results of this work are just 
one step in selecting an optimum nozzle for a small engine. In any ap-
plication there will be an optimum expansion ratio, expansion angle and 
thrust chamber. More details of the complete application would have to 
be available before this is attempted. 
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APPENDIX A 
BOUNDARY LAYER EQUATIONS 
In this Appendix, the equations are presented in cylindrical 
coordinates even though the final boundary layer equations are used in 
the body coordinate system. This is an acceptable procedure for problems 
of this type and any introduced error is neglected. 
The applicable boundary layer equations are derived from the com-
plete momentum, energy, continuity, and species continuity equations 
below. Within the boundary layer the viscous and inertial forces are 
the same order of magnitude, while outside the boundary layer the inertial 
forces dominate. 
Flow is steady through the nozzle which is axially symmetrical. 
There will be no change in the properties with respect to time and angu-
lar variation, and in the equations these terms will be omitted. In 
the cylindrical coordinate system used the coordinate along the axis is 
z where r is the radial coordinate, and the velocity in their respective 
directions is v and v . The fundamental equations (44) are: z r 
1. Global Continuity 
3(pv ) 3(pv r) 
(A-l) 
dv 
2. Axial Momentum 
dV r dV 
2/.3I---^— + -,-
r 3r 9z 
1 _3 
+ r 3r 
9v dv 
9z 3r 





+ 2 ^ 
dv v 
dr 
4. Species Continuity 
dz 
dC . C 
D..1±+^.DT3I 
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For a mixture of n species, n-1 species continuity equations have 
to be satisfied in addition to the usual global continuity equation. 
The first step is to reduce the equations to,1 their applicable 
boundary layer form.by an order analysis; thus reducing their complexity 
• ' ' i • 
• ! i '; • • 
and facilitating their solution. Let 6 be a measure of the ̂ boundary 
; I i 
layer thickness, and let L be the characteristic length of the nozzle. 
Now Lis an order of magnitude ..greater than 6 sinceftne] boundary layer 
\ \ i i region is a thin layer next to the nozzle wall. Before1 the order analy-
I1! 'V - ' l ! il • 
ill1 I'll'i i i ' ''I s i s can be app l ied t h e equa t ions have t o be put ln^damensioniLess form. 
i » ' ' 
The center line axial velocity will be used to make dimensionless 
all velocities and L will be used likewise for length. The other proper-
ties will be made dimensionless by use of their respective main stream 
properties. The dimensionless properties will be noted by' a bar and the 
101 
order of magnitude will be symbolized by 0 ( ) 
Define order one by, 
0,(1) = L/L (A-6) 
and order delta bar by, 
0(6) = I (A-6a) 
The resultant non-dimensional properties are z, r , v , v , p, P, T, h, 
y, D., and K, all of which have an order (1) except v which has order 
(6). The:derivatives of properties with respect to z and r are required 












The large value of the derivative with respect to r is because of large 
gradients across the thin boundary layer. .• i]: 
The thermal diffusion coefficient appears in Equations (A-4) and 
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(A-5). The thermal effect as discussed in Chapter III is much less than 
the mass diffusion effect; therefore,, the .thermal diffusion coefficient 
will be dropped from the equations that follow. 
In each of the Equations (A--2) through (A-5) at least one term of 
the following form appears 
I _L f n J.1 - Q± 
r 8r { y 3rJ 2 
1JL 
r 3r I 3rJ 
(A-8) 
Carrying out the differentiation indicated and performing an order analy 
sis on the right side of Equation (A-8) results in 
V 
1 j _ 
r dr 
f — 3 ) 
rQ 4~ 
" L 2 










+ a JL 
11 
The second term on the right side of Equation (A-8a) is an order of 
magnitude less than the first term. The second term will be neglected 
in the following analysis and in each instance that an expression of the 
form of-the left side of Equation (A-8) appears it will be written 
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3 r 
N / \ 
3 3 3 
rU Q 
3r 3r 3r V * \ • 
(A-8b) 
The axial momentum equation, Equation (A-2), becomes, with the 
order of each term indicated below it, 
3v 3v 
— - z — — z 
p v + p v 
z ai . r ar. 
0(1) 
o. 3P_ 
p U 2 3z o o 
0(1) 0(1) 0(1) 
(A-9) 
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3z 
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3v 
+ — • 
The order of the left side of Equation (A-9) is one; therefore, 
the right side must have the same order of magnitude. For the viscous 
forces to be of comparable order as the inertial forces the Reynolds 
Po U Q L 
number, , must be of the oi?der —r- . Neglecting, all of the vis-
y 2 to & 
G 1 . 6 
cous terms of the order less than -— the axial momentum equation becomes 
3v 3v 
z ^ z 
p v -T + p v T-— 
z 3z r 3r 
3_P _3 






Applying the same method to the radial momentum equation, Equation 




Thus pressure will vary only in the axial direction, and. at any station 





term in Equation (A-10) can be replaced with 
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has an order of magnitude of 
62 
From the momentum equation the 
r -y } 
and the Schmidt number for Reynolds number must have an order 
gases is very close to one. Again neglecting terms of order (6) or 
less the species continuity equation for the boundary layer becomes 
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ac. ac^ a 
p V i 8 F - + P Vr^r = 17 
ac. 
i P D. 




The energy equation, Equation (A.-5), takes the following form when 
it is made dimensionless 
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Note the order of magnitude of the following terms that appear in 
Equation (A-14) 
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After neglecting terms of an order of magnitude of 6 or less the 
energy equation takes the form 
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3h 3h 3 („ ST^ 
p V r— + p V —— = -— K -— 
w " *" w r 3r 3r ^ 3rj 
3z
(A-15) 
- I _3_ 3r 
3C 






For the flow through a nozzle it is much more convenient to have 
a coordinate system for the flow very close to the wall, rather than the 
cylindrical coordinate system. Thus a chcinge will be made to coordinates 
x, distance along nozzle wall, and y9 distance normal to the nozzle wall. 
The velocity components will be u and v in the x and y direction respec-
tively. This coordinate system is illustrated in Figure 17. 
If the boundary layer thickness is small in comparison with the 
nozzle radius then r in the global continuity equation, when applied to 
the boundary layer, can be replaced with R, the nozzle radius. 
Figure 17. Nozzle Coordinate System. 
Before writing the boundary layer equations in final form it is 
J_u. 
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desirable to further modify the energy boundary layer equation, Equation 
(A-15). This equation written in the final coordinate system is 
9h 3h 8 
P u ^ — + p v • — • = — 
















It can be shown very readily that 
8T _ _1_ 
3y"c 
3C. 
8y L I 8y 
(A-16) 
C is. the average specific heat of the mixture. If the momentum equation 
is multiplied by u, added to Equation (A-15a), and Equation (A-16) is 
8T 
substituted for -r— in Equation (A-15a), the final form of the energy 
boundary layer equation will be obtained after rearrangement. This equa-
tion is given below, Equation (A-20), 
The resultant boundary layer equations in the final coordinate 
system are: 
1. Global Continuity 





3u 3u -dP 3 
p U — - + p V -— = --— + — 




3. Species Continuity 
8Ci 9Ci 3 
p U^T+ p V JT= 3y" 
3C. 
l P D. . 
_ 2 9 y _ 
+ w, (A-19) 
4-. Energy Equation 
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Solution to the viscous flow equations was performed on the Bur-
roughs B5000 Electronic Computer at the Rich Electronic Computer Center 
on the Georgia Institute of Technology Campus. The computer program is 
given below in the Algor language as it was read into the computer. 
All of the information up to the first procedure declaration re-
lates to the type of variables, program output and the output format. 
The six real procedures relate to useful functions used in the numerical 
integration. The density viscosity product, density and the derivative 
with respect to n of the densit}?' viscosity product are calculated in the 
first three procedures, respectively,;, during the numerical integration. 
f", gj, and Z" are calculated, respectively, in the next three proce-
dures. 
Simultaneous solution of the seven first order differential equa-
tions is carried out in the PROCEDURE WSS( ) which ends at the label 
GOOF:, page 117. The next line after GOOF: is for reading in known 
properties and boundary conditions, and the second line is for the value 
of the influence coefficient. 
Assumed values for the three unknown boundary conditions at the 
wall, f", gj , Z' , are placed in the program on the third card after 
W 1W AW 
the label GOOF:. These veilues are used only once and within the compu-
tation they are modified to give the appropriate solution. The values of 
Ill 
J or D for the computation are put into the program on the next line. In 
the particular program shown the calculation is carried for 15 values of 
J from 0.0 to 1.4 in equal steps of 0.1 each. The first BEGIN after 
GOOF: starts the calculation and in this case it is for D held constant 
at 0.9 for the 15 values of J. 
The procedure call WSS( ) starts the numerical solution and it 
goes to completion if the value o f f stays within reasonable bounds. If 
not then it automatically stops the calculation and modifies the value of 
f" until the calculation on f stays within the bounds. The ninth and 
w . J . 
tenth line after the label REPEAT: on page 118 provide the test for 
values of f', gT, and Z at;the edge of the boundary layer. 
If these values meet the test then the solution to the various 
profiles are printed out and the next value of J is used and the calcu-
lation is started over. If the tests are not met then the iterative 
procedure is initiated and f", g' , Z! are modified accordingly and new 
w Iw Aw 
values are calculated to meet the required conditions on f', g , and Z 
1 A 
at the boundary layer's edge. This iterative procedure is continued 
until the appropriate tests are satisfied and the correct solution is 
printed out. ' 
The initial assumed values of f", Z' ,'and.g' are used only once; 
W AW IW 
in this case for J = 0. When the calculation proceeds to the next higher 
J, or D, its first solution uses the values of f", Z' and g' that has 
w Aw Iw 
given the correct solution for the current value of J, or D. 
i 
Only capital letters of the English1alphabet are used in the,Algol 
language thus a change in symbols from those used in text is necessary. 
The required changes are tabulated below:: 
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A for a 
e 
F for f Fl for fT 
F2 for- -f" F3 for f " F2W for f" 
w 
FIE for f' 
oo 
G for g]. Gl for g' 
G1W for gl 
Iw GE f o r Sioa Z for Z. A 
Zl for Z' N for n Dn for An 
Program For Nozzle S o l u t i o n 
BEGIN FILE IN B0W1 ( l , 1 0 ) ; FILE OUT B0W2 1 ( 1 , 1 5 ) ; 
COMMENT WS SHEPARD REAL GAS NOZZLE ; 
INTEGER 1,K; REAL A,D,F2W,FlE,,FrEff ,,FlEG,FlEZ,GW,GlW,GE,GEF,GEG, 
GEZ,J,PR,SO, Z1W, ZE, ZEF, ZEG,ZEZ,ZW,DN,IC,DF:UE,DGE,DZE,FF,FG,FZ, 
GG,GZ,GF,ZZ,ZF,ZG',DF,m,DZ,D:DJ tDl iPD2,D3,D^,D5,D6,DT,D8,D9,Fl,G 
REAL ARRAY EN,EF,EF1,FJF2,EG,EGH,EZ,EZ1,EC,EE,EH,EBC0: 557 
LABEL REPEAT, PRINT 
MONITOR B0W2 (F1E,F1EF,F1EG,F]^Z,GE,GEF,GB>,GEZ,ZE,ZEF,ZEG,ZEZ) 
LIST OUT3 (F1,G) 
LIST 0UT2 (F2W,G1W,Z1W) 
LIST BUT(FOR I <- 1 STEP 1 UNTIL'35 DO £ENCI7 ,EFCI3 ,EFlCI^ ,EF2 : i3 , 
E G a ^ , E G i r i J , E Z C I 3 , E Z l C I ^ E C £ T q , E E r i J , E H C l J , E B C l ^ ) 
LIST TITL2 (D,J,A,PRJ,GW,ZW,F2W,G1W,Z1W) 
FORMAT FMT3 ( " F l *" ,TS.6,n, G « " , F 8 . 6 ) 
FORMAT FMT2 ("F2W =, " , F 8 . 6 , " , ' G 1 W = n , F 8 . 6 , " , Z1W - H , F 8 . 6 , X 7 ^ ) 
FORMAT FMT(F3.1, llF9.k) 
FORMAT DUMM(X120) 
FORMAT TITL(X12,*'g0LUTI0N TO MOMENTUM, ENERGY, AND SPECIES CONTINUIT", 
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"Y EQUATIONS FOR NOZZLE FL0W.n/X20/'D = ",F5.3/', J = ">F5»3, 
", A * ",?h.2,n, PR = ",F5.3,", GW - ",?k.2,", ZW » ",Yk.2,/ 




REAL PROCEDURE DVP(A,F1,G,J,Z); VALUE A,F1,G,J,Z; REAL A,F1,G,J,Z ; 
BEGIN REAL VIS; VIS <- (((l*A)*2)/(((3.86+A)*0.36)x(l+0.65xA))) x 
(((lf0.65xAxZ)x((3.86*AxZ)*0.36))/((l+AxZ)*2))x(((2-j)/ 
(2xG-Jx(Fl*2)))*0«36) ,; DVP *- VIS ; END DVP ' ; 
REAL PROCEDURE DQ(A,F1,G,J,z) ; VALUE.Ai-Fi,G,J,Zj REAL A,F1,G,J,Z ; 
BEGIN REAL RHO ; RHO <-- ((3.86+A)/(l+A)> X ((l +,AxZ)/(3.86 + AxZ)) 
x ((2xG - J x (Fl*2))/(2 - J)) ; DQ «- RHO ; END DQ ; 
REAL PROCEDURE DER(A,Fl,F2,G,Gl,J,Z,Zl) j; VALUE A,F1,F2,G,G1,J,Z,Z1 ; 
REAL A,F1,F2,G,G1,J,Z,Z1 ; 
BEGIN REAL DDVP ; DDVP <r- (0.65/(l+0.65xAxZ) + 0.36/(3.86 + AxZ) -
2/(1+AxZ)) x A x(Zl) -(0.72 x (Gl-JxFlxF2))/(2xG - J x (Fl*2)); 
DER «- DDVP ; END DER ; 
REAL PROCEDURE DDF(A,D,F,F1,F2,G,G1,J,Z,Zl) ; 
VALUE A,D,F,F1,F2,G,G1,J,Z,Z1 ; 
REAL A,D,F,F1,F2,G,G1,J,Z,Z1 ; 
BEGIN REAL B,B1,DR,MDM ; 
B *• DVP(A,F1,G(,J,Z) ; 
Bl «- DER(A,Fl,F2,G,Gl,J,Z,Zl) x B • 
DR <- DQ(A,F1,G,J,Z) ; 
K)M <- (D/B)x ((Fl*2) - DR) - ((F2/B) X (Bl + F)) ; 
DDF «- M3M ; EMI) DDF ; 
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REAL PROCEDURE DDG(A,F,F1,F2,F3,G,G1, J,PR,Z,Zl) ; 
VALUE A,F,F1,F2,F3,G,G1,J,PR,Z,Z1 ' ; 
REAL A,F,F1,F2,F3,G,G1,J,PR,Z J,Z1. ; 
BEGIN REAL B,B1,ENE; B *- DVP(A,F1,G,J,Z) ; 
Bl *- DER(A,Fl,F2,G,Gl,J,Z,Zl) x B ; 
ENE <r (Jx(l-PR)) x ((Bl/B)xFlxF2 -»- (F2*2)+FlxF3) -
((Bl+FxPR) x (Gl/B)) ; DDG «-ENE ; END DDG ; 
REAL PROCEDURE DDZ(A,F,Fl,F2,GJ,Gl,J,SO^Z,Zl) ; 
VALUE A,F,Fl,F2,G,Gl,J,iS0,Z,Zl ; 
REAL A,F,Fl,F2,G,G:L,Jj,SG,Z,Z:i .3 
BEGIN REAL B,B1,S,S1,SPE ; B <-• DVP(A,F1,G,J,Z) ; 
Bl <- DER(A,Fl,F2,G,Gl,J,Z,Zl) x B ; 
S «- SOx(l+0.65xAxZ) ; S I «- O.65 x A x Z l x SO • 
SPE <- Z l x ( ( S l / 3 ) - ( B l / B ) - ( F x S / B ) ) 
DDZ -̂ SPE ; END DDZ 1 
PROCEDURE WSS(A,D,DN,F2WJ,GWJ>G1W,J,PR,SOpZW,Z1W,EN,EF,EF1J,EF2,EG,F1,G, 
EG1,EZ,EZ1,EC,EE,EH,EB) ; 
VALUE A,D,DN,F2W,GWj,GlW,J;,PR,S0,ZW,ZlW ; 
REAL A,D,DN,F2W,GW,J,PR,SO, ZW,Z1W,Fl,G yGlW ; 
REAL ARRAY EN,EF,EF1,E]?2,FXJ,S,>1,EZ,EZ1,EC,EE,EH,EBC0J ; 
BEGIN INTEGER I,K ; REAL F,F2,F3,G1.,Z,Z1,N,C,E,H,DR1,DR2,DR3, 
DR4,P1,P2,P3,P^,Q1,Q2,Q3,Q^,R1,R2,R3,R^,T1,T2,T3J>T^,U1,U2, 
U3,U^,Vl,V2,V3,V^,Wl,W2,W3,WUJ,U,L2,L3,lA,ML,M2,M3,Jfo, 
Xl,X2,X3,Xl+ ; LABEL GOOF ; 
F <r 0 ; F l <- 0 ; F2 *• F2W ; G «- GW ; Gl «- G1W ; Z. * ZW • 
Z l *- Z1W ; C * 0 ; E <- 0 ; H * 0 j K f 0 ; I f l ; 
L 
FOR N <- 0 STEP DN UNTIL 7 . 0 1)0 
BEGIN P I *- F l x DN 
Ql *- F2 x DN 
Rl «• D D F ( A , D , F , F l , F 2 , G , G l , J , Z , Z l ) X DN 
T l <- Gl x DN 
Ul «- DDG(A,F,F1,F2, (R1/DN),G,G1,J ,PR,Z,Z1) x DN 
VI <- Z l x DN 
Wl «- DDZ(A,F,F1,F2,G J ,G1,J ,S0,Z,Z1) x DN 
DR1 <- DQ(A,F1,G,J,,Z) 
LI <- DR1 x DN 
Ml e- (DRl -F l ) x DN 
XI <- ( l - F l ) x F l x D N 
P2 <- ( F l + Q l / 2 ) x DN 
Q2 ir (F2 + R l / 2 ) x DN 
R2 <- DDF(A,D ,F+P l /2 ,F l+Ql /2 ,F2+Rl /2 ,G+Tl /2 ,G l - fU l /2 , J ,Z+Vl /2 , 
Zl+Wl/2) x DN 
T2 <- (Gl + U l / 2 ) x DN 
U2 «• DIB(A,F+P1/2,F1+Q1/2,F2+R1/2,(R2/DH), 
G k T l / 2 , G l + U l / 2 , J , P R , Z + V l / 2 , Z l + W l / 2 ) x DN 
V2 f- (Z1 + Wl/2) x DN 
W2 «- D D Z ( A , F + P l / 2 , F l + Q l / 2 , F 2 + R l / 2 , G f T l / 2 , 
Gl+Ul/2,J,S0,Z+Vl/2,Zl+Wl/2) x DN 
DR2 «- DQ(A,F1 * Ql/2,G + Tl/2,J, Z + Vl/2) 
L2 4- DR2 x DN 
K2 * (DR2 - (Fl + Ql/2)) x DN 
X2 *- (1- Fl - Ql/2) x (Fl + Ql/2) xDN 
P3 «- (Fl + Q2/2) x DN 
Q3 «- (F2 + R2/2) x DN 
R3 «- DDF(A,D,F*P2/2,Fl+Q2/2,F2+R2/2,G+T2/2, 
Gl+U2/2,J,Z+V2/2,Zl+W2/2) x DN 
T3 *- (Gl + U2/2) x DN 
U3 «•. DDG(A,F+P2/2,F1+Q2/2,F2+R2/2,(R3/DH), 
GtT2/2,Gl+U2/2,J ,PR,Z+V2/2,Zl- fW2/2) x DN 
V3 <- ( Z l -J- W2/2) x DN 
W3 <- DDZ(A,F+P2/2,Fl+Q2/2,F2+R2/2,G+T2/2, 
Gl+U2/2 , J ,S0 ,Z+V2/2 ,Zl+W2/2) x DN 
DR3 <- DQ(A,F1 + Q2/2,G + T 2 / 2 , J , Z + V2/2) 
L3 <- DR3 x DN 
M3 <r (DR3 - F l - Q2/2) x DN 
X3 <r ( l - F l - Q2/2) x ( F l + Q2/2) x DN 
P^ <- ( F l f Q3) x DN 
Qlk <- (F2 v- R3) x DN 
Ek <- DDF(A,D,F+P3,F1+Q3,F2+R3,G+T3,G1+U3,J,Z+V3,Z1+W3) x 
Tk f- (Gl -/- U3) x DN 
UU «- DDG(A,FfP3,Fl+Q3/F2+R3,R^/DN,G+T3,Gl+U3,J, 
PR,Z+V3,Z1+W3) x DN 
Yk <- ( Z l + W3) x DN 
WVf- DDZ(A,FfP3,Fl+Q3,F2+R3,G+T3,Gl+U3,J,SO,Z+V3,Zl+W3) x 
mk <r DQ(A,F1 + Q3, G + T 3 , J , Z +V3) 
lh <- mkx DN 
Mb «- (DRk - F l - Q3) x DN 
Xk <- ( l - F l - Q3) x ( F l + Q3) x DN 
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F <- F + (P I + 2xP2 + 2xP3'.-+ ?k)/6 
F l «- F l + (Ql + 2xQ2 '•*• 2xQ3 + QU)/6 
F2 <- F2 + (Rl + 2xR2 + 2xR'3 + RU)/6 
G <- G + ( T l + 2xT2 + 2x3'3 + TU)/6 
Gl «- Gl + (Ul + 2xU2 + 2xU3 + U^) /6 
Z <- Z + (VI + 2xV2 + 2xV3 + Vh)/6 
Zl «• Zl +• (Wl -l- 2xW2 -i- 2xW3 + Wl4-)/6 
C f- C + (LI + 2xL2 * 2xL3 + lA)/6 
E *- E + (Ml + 2xM2 + 2xM3 + Mk)/6 
H «- H + (XI + 2xX2 + 2xX3 + XV)/6 
IF (J x Fl*2 + O.l) > 2 x G THEN GO TO GOOF 
IF Fl c 0 THEN GO TO GOOF 
K *• K + 1 
IF (K MDD k)» 0 TEEN 
BEGIN ENQ>N+DN; EFCU *• F ; EF1CIJ «• F l ; EF2CIJ <? F 2 ; EGCIJ <r G 
EG1LIJ (- G l ; EZCn «- ZJJ EZlTID <e Z l ; E C m «- C ; EEQ3 *- E 
'EHEI] <r H; EBCIJ <-• 1DVP(A,F1,G,J,Z); I M + 1 
END; END 
GOOF: END WSS 
D N ^ O . 0 5 ; A < - 0 . 9 ; GW<-0.1*; ZW<-0„05; PR«-0.675;SO <- 0 .5^5 
IC < - 0 . 0 0 0 1 
F2W <- O.38O ; G1W <r 0.120 ; Z1W <r 0.160 
FOR J <- 0.0 STEP 0.1 UNTIL l.k DO 
BEGIN D<-0.9 
REPEAT: WRITE (B0W2, FMT2, 0UT2) 
WSS(A,D,DN,F2W,GW,G1W,J,PR,S0JZW,Z1W,EN,EF;EF1,EF2,EG,F1,G, 
1 "r"'" ] ij 1 . ' "  
EG1,EZ,EZ1,EC,EE,EH,EB) 
WRITE (B0W2, FMT3, 0UT3) 
IF (J x Fl*2 + 0.1) > 2 x G THEN BEGIN 
F2W <- F2W - 0.005J (50 TO REPEAT ; END 
IF Fl < 0 THEN BEGIN F2W <- F2W 4- 0.005 ; GO TO REPEAT ; END 
FIE <-EFlL353 ; GE *- EG [353 ; ZE <r Ezr35J 
DF1E <r 1 - FIE 5 DGE «- 1 » GE ; DZE 4- 1 - ZE 
IF (ABS(DFIE) * 0.0001 AND ABS(DGE) ± 0.0001 
AND ABS(DZE) < O.OOOl) THEN GO TO PRINT 
F2W «- F2W + IC 
WRITE (B0W2, FMT2, 0UT2) 
WSS(A,D,DN,F2W,GW,G1W,.J,PR,S0,ZW,Z1W,EN,EF,EF1,EF2,EG,F1,G, 
EG1,EZ,EZ1,EC,EE,EH,EB) 
IF (J x Fl*2 4- 0.1) > 2 x G THEN BEGIN 
F2W <r F2W - 0.005; GO TO REPEAT ; END 
IF Fl < 0 THEN BEGIN F2W * F2W + 0*005 ; GO TO REPEAT ; END 
FIEF <- EF1[35J ; GEF <- EGC35.J I ZEF «- EZ£35J7 
F2W «- F2W - IC ; G1W e G1W 4- IC 
WRITE (B0W2, FMP2, 0UT2) 
WSS(A,D,DN,F2W,GW,G1W,J,PR,SO,ZW,Z1W,EN,EF,EF1,EF2,EG,Fl,G, 
EG1,EZ,EZ1,EC,EE,EH,EB) 
IF (J x Fl*2 4-0.1) > 2 x G THEM BEGIN 
F2W <r F2W - 0 . 0 0 5 ; GO TO REPEAT ; END 
IF F l < 0 THEN BEGIN F2W *• F2W 4- 0..005 ; GO TO REPEAT ; END 
F1EG<-EF1G5J ; GEG «-EGC353 ; ZEG-<-EZT35J 
G1W <r G1W - IC ; Z1W «- Z1W 4- IC 
WRITE (B0W2/ FMT2, 0UT2) 
WSS(A,D,DN,F2W,GW,G1W,J,PR,S0,ZW,Z1W,EN,EF,EF1,EF2,EG,F1,G, 
EGl,EZ,EZ1,EC,EE,EH,EB) 
IF ( J x. F l * 2 + O . l ) > 2. x G THEN BEGIN 
F2W <r F2W -. 0 . 0 0 3 ; GO TO REPEAT ; END 
I F F l < 0 THEN BEGIN F2W *- F2W + 0 .005 ; GO TO REPEAT ; END 
F1EZ <~ EF1L35I/ ; GEZ <- EGC35J ; ZEZ *- EZ[35J 
FF <r FIEF - FIE ; FG «- F1EG - FIE ; FZ *• F1EZ - FIE 
GG <r GEG - GE ; GZ <r GEZ - GE ; GF «- GEF - GE 
ZZ <r ZEZ - ZE ; ZF 4- ZEF - ZE ; ZG <- ZEG - ZE 
Dl <- (GG x ZZ) - (GZ x ZG) 
D2 <e (GZ x ZF) - (GFxZZ,) ; D3 <t- ( G F X Z G ) - ( G G X Z F ) 
Ih <r (FZxZG)- ( F G X Z Z ) ; D5 <-- (FFxZZ) - ( F Z X Z F ) 
D6 <- (FGxZF)- ( F F X Z G ) ; UJ -t- (FGxGZ) - (FZxGG) 
D8 «- (FZxGF) - (FFxGZ) ; D9 «- (FFxGG) - (FGxGF) 
DD <r (DlxFF) + (D2xFG) -if- fexFZ) 
DF <r (IC/DD) x ((DlxDFlE) + (D^XDGE) •+ (DTxDZE)) 
DG <- (IC/DD) x ((D2xDFlE) + (D5xDGE) + (D8xDZE)) 
DZ <- (IC/DD) x ((D3xDFUE) + (D6xDGE) + (D9xDZE)) 
F2W <- F2W + DF 
G1W <r G1W t DG 
Z1W <- Z1W + DZ - IC 
GO TO REPEAT 
WRITE (B0W2 CPAGEJ, DUMM) 
WRITE (B0W2, T m , TITL2) 
WRITE (B0W2, FMC, BUT); WRITE (B0W2 [jPAGEJJ, DUMM); END; END, 
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APPENDIX C 
RUNGE-KUTTA METHOD FOR NUMERICAL 
SOLUTION OF DIFFERENTIAL EQUATIONS 
For the numerical solution of a differential equation of the form 
y' = f(x,y) with a boundary condition y(x ) = y the fourth order Runge-
Kutta method C+3) gives 
where 
y(n•+ 1) = y(n) + 1/6 [K(l-,n) + 2K(2,n) + 2K(3,n) (C-l) 
+ K(4,n)] 
K(l,n) = h f [nh,y(n)] (C-2) 
K(2,n) = h f [(n + |-)h5y(n) + ̂ K(l,n)] (C-3) 
K(3,n) = h f [(n + |)h,y(n) + |K(29n)] (C-4) 
K(4,n) = h f [(n + l)h,y(n) + K(3,n)] (C-5) 
h is the step size for each integration, 
The main advantage of this method is that it is readily adapted to 
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a system of equations. For the solution of the boundary layer equations 
it was necessary to write them in the form of seven first order equa-
tions. No special starting techniques are required and it proceeds in an 
orderly fashion. Before a quantity is needed in the integration of any 
term it has already been calculated in the integration of another term, 
etc. It is necessary to determine each step for all seven equations be-
fore proceeding to the next step of any integration. 
It does have one disadvantage, the determination of the error in 
integration, and it has no checks and balances. For a simple differen-
tial equation the local error, e, is 
e*=*a(h°) (C-6) 
The upper bound on the total accumulative error is approximately 
1M-0 times this since 140 steps were used in the integration. Therefore, 
with a step size of 0.05 in n the total error for one simple differen-
tial equation is 
e pa 140 (.Ob)5 (C-7) 
or 
e -a* 5 x 10 5 (C-8) 
This does not mean that the error in integrating Equations (5-39), 
(5-42), and (5-44) is going to be less than Equation (C-8). However, 
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Equations (5-40), (5-41), (5-43), and (5-45) are "simple and their total 
error will be much less than Equation (C-8). 
It can be anticipated that the total accumulative error for the 
integration of the seven equations should be less than 0.1 per cent, 
which would occur at the edge of the boundary layer. 
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APPENDIX D 
TABULATED AND GRAPHICAL RESULTS 
Table 5 Boundary conditions, 6*' and ,9 for all solutions. 
Table 6a-h Momentum Equation Solutions f, f', f". 
Table 7a-l Energy and Species Continuity Solutions gT, gj, ZA, Z[ 
Table 8 Complete solutions for D = J = 0. 
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Table 5. Displacement and Momentum Thickness, Velocity, 
Enthalpy and Concentration Gradients 
J D g Z 
w w 
0 . 0 0 . 0 0.1+ 0 . 0 5 0 . 2 1 8 1 0 .1117 0.11+83 0 . 2 1 3 9 0.6061+ 
0 . 0 0 . 6 0.1+ 0 .05 o . 3297 0 . 1 2 0 3 0 . 1 5 9 9 0.0191+ 0 .5655 
0 . 0 o . 9 0.1+ 0 .05 0 . 3 7 0 2 0 .1227 0 .1632 - 0 . 0 2 9 1 0.555I+ 
0 . 0 1.2 0.1+ 0 . 0 5 0.1+057 0.121+6 0 .1657 - 0 . 0 6 5 1 0.51+81 
0 . 1 0 . 0 0.1+ 0 .05 0 .2209 0 .1116 0 . 1 5 0 2 0 .2675 0 .6029 
0 . 1 0 . 6 0.1+ 0 .05 0 . 3 3 9 3 0 .1207 0 .1627 0 .0559 0 . 5 5 8 1 
0 . 1 0 . 9 0.1+ 0 . 0 5 0 .3819 0 . 1 2 3 1 0 .1660 0.0011+ 0.5*+79 
0 . 1 1.2 0.1+ 0 . 0 5 0.1+192 0 .1250 0 .1687 - 0 . 0 3 7 0 0.51+02 
0 . 2 0 . 0 0.1+ 0 .05 0 .2238 0 .1115 0 .1522 0 . 3 2 6 3 0 .5990 
0 . 2 0 . 3 0.1+ 0 . 0 5 0 .2957 0.1171+ 0 .1605 0.171+1 0 .5686 
0 . 2 0 . 6 0.1+ 0 .05 0.3U97 0.2091+ 0 .1655 0 .0900 0.5511+ 
0 . 2 0 . 9 0.1+ 0 . 0 5 0.39*+7 0 .1235 0 . 1 6 9 1 0 .0338 0.51+00 
0 . 2 1.2 0.1+ 0 . 0 5 0.1+31+0 0.1251+ 0 .1719 -0.0071+ 0 .5318 
0 . 2 1.5 0.1+ 0 . 0 5 0.1+691 0 .1270 0.171+1 - 0 . 0 3 9 2 0 .5257 
0 . 2 1.8 0.1+ 0 . 0 5 0 . 5 0 1 3 0.1281+ 0 .1760 -0.061+8 0 .5210 
0 . 2 2 . 1 0.1+ 0 .05 0 . 5 3 1 1 0 .1295 0 .1776 - 0 . 0 8 6 3 0 .5170 
0 . 2 2 . 3 0.1+ 0 .05 0 . 5 ^ 9 9 0 .1302 0 .1786 - 0 . 0 9 9 5 0.511+0 
0 . 2 2 . 5 0.1+ 0 .05 0 .5680 0 .1308 0.1791+ - 0 . 1 1 0 8 0 .5120 
0 . 2 2 . 7 0.1+ 0 . 0 5 0 . 5 8 5 3 0.1311+ 0 .1802 - 0 . 1 1 9 3 0 . ; ;121 
0 . 2 2 . 9 0.1+ 0 .05 0 . 6 0 2 1 •0.1319 0 .1810 ' - 0 . 1 2 9 8 0 .5092 
0 . 3 0 . 6 0.1+ 0 .05 0 . 3 6 1 3 0.1211+ C.1686 0 .1292 0.51+36 
0 . 3 0 . 9 0.1+ 0 . 0 5 0.1+087 0.121+0 0.1721+ 0 .0686 0 .5316 
0 . 3 1.2 0.1+ 0 .05 0.1+501 0 .1260 0 . 1 7 5 3 0.021+5 0 . 5 2 3 1 
0.1+ 0 . 6 0.1+ 0 .05 0.371+0 0 .1219 0 .1720 0 .1715 0 . 5 3 5 3 
O.U 0 . 9 0.1+ 0 . 0 5 0.1+21+3 Q.121+5 0 .1760 0 .1059 0 .5227 
0.1+ 1.2 0.1+ 0 .05 0.1+680 0 .1266 0 . 1 7 9 1 0 .0580 0 . 5 1 3 3 
0.1+ 2 . 7 0.1+ 0 . 0 5 0 .6357 0 .1327 0 .1882 -0.0691+ 0.1+908 
0 .5 0 . 6 0.1+ 0 .05 0 . 3 8 8 1 0 .1225 0 .1757 0.2171+ 0 .5265 
0 . 5 0 . 9 0.1+ 0 . 0 5 o.il+16 0 .1252 0 .1799 0.11+62 0 . 5 1 3 2 
0 . 5 1.2 0.1+ 0 . 0 5 0.1+879 0 . 1 2 7 3 0 .1832 0 . 0 9 5 1 0 .5039 
0 . 6 0 . 6 0.1+ 0 .05 0.1+01+0 0 .1232 0 .1798 0 . 2 6 7 1 0 .5168 
0 . 6 0 . 9 0.1+ 0 .05 0.1+609 0 .1260 0.181+2 0 .1899 0 .5032 
0 . 6 1.2 0.1+ 0 . 0 5 o„5101 0 . 1 2 8 1 0 .1876 0 .1339 0.1+929 
o . 6 2 . 7 0.1+ 0 .05 0 . 6 9 8 1 0.131+3 0 .1976 - 0 . 0 1 0 5 0.1+707 
0 . 7 0 . 6 0.1+ 0 .05 0.1+219 0.121+1 0.181+3 0 .3202 0 .5058 
0 . 7 0 . 9 0.1+ 0 . 0 5 0.1+827 0 .1269 0 . 1 8 9 0 , ; ,0.2371+ 0.1+921+ 
0 . 7 1.2 0.1+ 0 . 0 5 0 . 5 3 5 3 0 . 1 2 9 1 : 0 ,1926 • 0 .1768 0.1+817 
0 . 8 0 . 6 0.1+ 0 . 0 5 0.1+1+22 0.1.251 0 .1892 ;0.3826 0.1+959 
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Table 5. Displacement and Momentum Thickness, Velocity, 
Enthalpy and Concentration Gradients (Continued) 
feIw Aw 
0 . 8 0 . 9 0 . 4 0 .05 0 .5076 o„1281 0.191*3 0 .2895 0 .4808 
0 . 8 1 . 2 0 . 4 0 . 0 5 •0.5639 0 . 1 3 0 3 0 .1980 0 .2243 O.4705 
0 . 9 0 . 6 o.k 0 .05 O.A657 "0.1264 0 .1948 0 .4495 0 .4839 
0 . 9 0 . 9 o.k 0 .05 0 .5362 0 .1294 0 .2002 0 .3469 0 . 4 6 8 3 
0 . 9 1 . 2 o.k 0 .05 0.5969- 0 .1316 0 .2042 0 .2757 0 .4577 
1 . 0 0 . 6 o.k 0 .05 0 , 4 9 3 1 0 .1278 0 . 2 0 1 1 0 . 5 2 4 3 0 .4709 
1 . 0 0 . 9 o.k 0 . 0 5 0 ,5697 0 ,1309 0 .2069 0 .4107 O.4549 
l . i 0 . 9 o.k 0 .05 0 ,6092 0 .1328 0 . 2 l k 6 0 . 4 8 2 3 0 . 4 4 0 3 
1 . 2 0 . 6 o.k 0 .05 0 .5645 0 .1319 0.2168 O.7066 0 .4407 
1 . 2 0 . 9 o.k 0 . 0 5 0 .6570 0 .1352 0 .2235 0 . 5 6 4 1 0 . 4 2 4 1 
1 . 3 0 . 6 o.k 0 .05 0 .6130 0 .13^7 0 .2268 0 .8210 0 .4232 
0 . 0 1 . 2 0 . 1 0 . 0 0 0 .1928 0 .1107 0 . 1 0 1 3 - 0 . 4 2 2 3 0 .6536 
0 . 1 1 . 2 0 . 1 0 . 0 0 0 .1984 0 .1117 0 . 1 0 3 1 - 0 . 4 0 1 9 0 .6475 
0 . 2 1 . 2 0 . 1 0 . 0 0 0..2045 o. 1127 0 .1050 - 0 . 3 8 0 7 0 .6405 
0 . 3 1 . 2 0 . 1 0 . 0 0 0 . 2 1 1 1 0 .1139 0 . 1 0 7 1 - 0 . 3 5 8 2 0 . 6 3 3 2 
0 . 4 1 . 2 0 . 1 0 . 0 0 0 .2185 0 .1152 
10.1094 - 0 . 3 3 4 1 0 .6254 
0 . 5 1 . 2 0 . 1 0 . 0 0 0 .2266 0 .1166 ' 0 .1118 - 0 . 3 0 9 6 O.6161 
0 . 6 1 . 2 0 . 1 0 . 0 0 0 .2356 0 .1182 0 .11^5 - 0 . 2 8 0 4 O.6085 
0 . 7 1 . 2 0 . 1 0 .00 0 .2458 0 .1110 0 .1174 - 0 . 2 5 0 3 0 . 5 9 9 3 
0 . 8 1 . 2 0 . 1 0 . 0 0 0 . 2 5 7 3 0 .1220 0 .1207 -O.2176 O.5892 
0 . 9 1 . 2 0 . 1 0 . 0 0 0 .2705 0.121*3 0.121*3 - 0 . 1 8 1 9 0 .5784 
1 . 0 1 . 2 0 . 1 0 . 0 0 0 .2858 0 .1270 0 .1245 - 0 . 1 4 1 7 0 .5664 
1 . 0 0 . 6 0 . 1 0 .05 0 . 2 5 1 1 0 .1282 0 .1254 - 0 . 0 1 6 9 0 .5664 
1 . 0 0 . 6 0 . 2 0 .00 0 .3284 0 . 1 3 6 1 0 .1572 0 .1674 0 .5402 
1 . 0 0 . 6 0 . 3 0 . 0 0 0 .4027 0 .1337 0 .1804 0 .3472 O.5088 
1 . 0 0 . 6 o.4 0 . 1 0 0 . 5 1 5 3 0 .1330 0 .2022 0 .5340 0 .4620 
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Table 6c. Momentum E 
gT =0.4, 
D' = 0 .6 _ 
f f f" • f 
0 . 0 0 .0000 0 .0000 0 . 3 2 9 7 0 .0000 
0 . 2 0 .0066 0 .0666 0 . 3 3 6 1 0.0071+ 
0.1+ 0 .0267 0.131+1+ 0.31+16 0 .0298 
0 . 6 0 .0605 0 . 2 0 3 1 0.31+58 0 . 0 6 7 1 
0 . 8 0 .1080 0 .2726 0.31+85 o . 1 1 9 3 
1.0 0 .1695 0.31+21+ 0 . 3 4 9 2 0.186°, 
1 ,2 0.21+50 0.1+121 0 . 3475 0 . 2 6 7 9 
1.1+ 0 . 3 3 * 3 0.1+812 0 .3426 0 .3638 
1.6 0.1+371+ 0 .5489 0 .33*0 0.1+7 31+ 
1,8 0 .5537 0.611+5 0 . 3 2 0 9 0 . 5 9 6 3 
2 , 0 0 ,6829 0 .6770 0 . 3 0 2 9 0 .7316 
2 . 2 0.821+2 0 . 7 3 5 3 0 . 2 7 9 8 0 ,8785 
2.1+ 0 .9767 O.7885 0 ,2517 1.0358 
2 . 6 1 .1393 0 .8357 0 .2195 1.2025 
2 . 8 1.3106 O.8762 0.18I+9 1 .3371 
3 .0 1.1+893 0 .9096 0 . 1 4 9 8 1.5581+ 
3 .2 1.6740 0 . 9 3 6 2 0 .1165 1.7450 
3 A 1.8633 0 .9565 0 . 0 8 6 9 1.9357 
3 .6 2 .0562 0 . 9 7 1 3 0 . 0 6 2 1 2 .1295 
3 . 8 2 .2515 0 .9817 0.01+26 2 . 3254 
l+.O 2.1+1+86 0 .9887 0 . 0 2 8 1 2 .5228 
1+.2 2.61+69 0 .9932 0 . 0 1 7 9 2 .7213 
1+.1+ 2.81+58 0 . 9 9 6 1 0 .0110 2 . 9 2 0 3 
1+.6 3.01+52 0 0 .9978 0 .0065 3 .1198 
5 . 0 3.1+1+1+7 0 . 9 9 9 3 0 . 0 0 2 1 3 .5193 
6 . 0 1+. 1+1+1+5 1.0000 0 . 0 0 0 1 1+.5191 
7 . 0 5.1+1+1+5 1.0000 0 .0000 5 .5191 
ion S o l u t i o n s : f, f , f" 
Z = 0 . 0 5 , J = 0 .0 
D = 0 .9 D = 1.2  
f t ftt f f , f„ 
0.0000 0 . 3 7 0 2 0 .0000 0 .0000 0 .4057 
0.071+1+ 0 . 3 7 3 1 0 . 0 0 8 1 0 . 0 8 1 1 0.1+01+8 
0.11+91 0.371+1 0.0321+ 0=1617 0 . 4 0 1 1 
0 .2239 0 . 3 7 3 2 0 .0727 0.2411+ 0 . 3 9 ^ 9 
0 . 2 9 8 3 0 .3702 0 .1289 0 .3195 O.386I 
0 .3718 0.361+7 0 .2004 0 .3957 0 .3748 
o.i+1+1+0 0 .3565 0 .2869 O.I+693 o . 3 6 0 8 
0.511+2 0.31+52 0 .3879 0 .5398 0 . 3 4 4 1 
0 .5818 0.3301+ 0 .5026 O.6067 0.321+5 
0^6461 0 ,3118 0 . 6 6 9 * 0 . 3 0 1 9 
007063 0 . 2 8 9 2 0 . 7 7 0 1 0 . 7 2 7 3 0.2761+ 
0 ,7615 0 .2626 0 .9208 0 .7797 0.21+80 
0 . 8 1 1 1 0 .2325 1.0816 0 . 8 2 6 3 0 . 2 1 7 2 
0 . 8 5 4 3 0 .1998 1.2509 O.8665 0 . 1 8 5 1 
0 .8909 0 .1660 1.1+277 O.90O3 0 .1527 
0 .9208 0 .1330 1.6106 0 .9277 0 .1216 
0.91+1+3 0 .1025 1.7981+ O.9I+91 O.O93I+ 
0 .9620 0 .0759 1.9899 O.9653 0 .0690 
0.971+9 0.051+0 2.181+2 0 . 9 7 7 1 0.01+91 
0.981+0 0 .0370 2 .3805 0 . 9 8 5 3 O.O337 
0 .9900 0.021+5 2 .5782 O.99O8 0 .0224 
0.991+0 0 .0156 2 .7767 O.99I+I+ 0.011+3 
0 .9965 0 .0096 2 .9759 O.9967 O.OO89 
0 .9980 0 .0058 3.1754 O.998I 0 .0054 
0 .9994 0 .0019 3 .5749 O.999I+ 0 . 0 0 1 8 
1.0000 0 . 0 0 0 1 4 .5748 1.0000 0 . 0 0 0 1 
1.0000 0 .0000 5-57*8 1 .0001 0 .0000 
D = 0 . 
f f 
0 . 0 0 .0000 0 .0000 
0 . 2 0 . 0 0 8 1 0 . 0 8 1 3 
0.1+ 0 .0325 0 . 1 6 3 1 
0 . 6 0 .0734 0 .2450 
0 . 8 0 .1305 0 . 3 2 6 1 
1.0 0 .2037 0 .4059 
1 .2 0 .2927 0 .4834 
1.4 0 . 3 9 6 9 0 . 5 5 7 9 
1.6 0 .5156 0 .6284 
1.8 0*6479 0 .6940 
2 . 0 0 .7928 0 .7538 
2 . 2 09 qii.90 o . 8 0 6 9 
2 . 4 1 1 1 CI -i»o i i y x 0 .8528 
2 . 6 1.2896 0.8.912 
2 . 8 1.4710 0 . 9 2 2 1 
3 .0 1.6580 0 . 9 4 6 1 
3 . 2 1 .8491 0 .9639 
3 . * 2 .0432 0 .9767 
3 .6 2 .2395 0 .9854 
3 .8 2 .4372 0 . 9 9 1 ? 
4 . 0 2 .6358 0 .9948 
k.2 2 .8350 0 . 9 9 7 1 
4 . 4 3 .0346 0 .9984 
4 . 6 3 .2343 0 . 9 9 9 2 
5 . 0 3 .6342 0 .9998 
6 . 0 4 . 6 3 4 2 1 .0001 
7 . 0 5 .6342 1 .0001 
T a b l e 6d. Momentum E 
* l w = ° - U > 
6 _ 
f" f 
0 . 4 0 4 0 0 .0000 
0 . 4 0 8 3 0 .0092 
0 . 4 0 9 8 0 .0368 
0 .4080 0 .0824 
0 . 4 0 2 9 0 .1457 
0 . 3 9 3 9 O.226O 
O.3808 0 .^226 
0 . 3 6 3 3 0 .4346 
Oo 3411 0 .5608 
r\ -3T )i 1 
V . J X T X 
0 . 2 8 2 8 0 .8515 
0 . 2 4 7 9 1 .0131 
0 .2107 1 . 1837 
0 .1730 1.3619 
0 .1367 1.5460 
0 . 1 0 3 8 1.7349 
0 .0756 I . 9 2 7 4 
0 . 0 5 2 8 2 .1225 
0 .0355 2 .3193 
0 . 0 2 2 9 2.5174 
0 . 0 1 4 3 2 .7162 
0 .0086 2 .9155 
0 .0050 3 .1151 
0 . 0 0 2 8 3 .31^9 
0 . 0 0 0 8 3-7148 
0 . 0 0 0 1 4 .7147 
0 .0000 5.7147 
ion S o l u t i o n s : f, f , f" 
Z = 0 . 0 5 , J = 0 .6 
D = 0 . 9 D = 1.2  
f t fM f f , f H 
0 . 0 0 0 0 0 . 4 6 0 9 0 .0000 0 . 0 0 0 0 0 . 5 1 0 1 
0 . 0 9 2 1 0 .4590 0 . 0 1 0 2 0 . 1 0 1 3 0 .5014 
0 , 1 8 3 3 0 .4524 0 . 0 4 0 3 0 . 2 0 0 1 0 .4865 
0 .2727 0 .4415 0 .0900 0 .2955 0 . 4 6 6 2 
0 .3596 0 . 4 2 6 3 0 .1582 O.3863 0 .4416 
0 .4430 0 .4072 0=2442 0 . 4 7 1 9 0 .4135 
0 . 5 2 2 2 0 ,3844 0 .3466 0 . 5 5 1 6 0 .3827 
fj c n £ c 0 . 3 5 8 1 0 .4644 0 . 6 2 4 8 0 .3497 
0 . 6 6 5 2 0 .3284 0 , 5 9 6 1 0 . 6 9 1 3 O.315I 
0 .7277 0 .2958 0 .7404 0 .7508 0 . 2 7 9 3 
0 .7834 0 .2608 0 .8959 0 .8030 0 .2428 
0 .8319 0 .2242 1 . 0 6 l l 0 . 8 4 7 9 O.2063 
0 . 8 7 3 1 0 , 1 8 7 3 1.2346 O.8856 O.1707 
0 . 9 0 6 9 0 .1514 1.4149 O.9163 O.137O 
0 . 9 3 3 8 0 . 1 1 8 1 1.6007 0 .9406 0 .1062 
0 .9544 0 .0886 1.7908 0 . 9 5 9 1 0 .0795 
0 .9696 o.o64o 1.9840 O.9727 0 .0574 
0 . 9 8 0 3 0 .0445 2 .1796 0 . 9 8 2 3 O.O399 
0 .9877 O.0298 2 .3767 O.9889 O.0267 
0 .9925 0 .0192 2 .5750 0 . 9 9 3 3 O.OI73 
0 .9956 0 .0120 2 .7740 O.9961 0 .0108 
0 .9975 0 .0072 2 . 9 7 3 ^ O.9978 0 .0066 
0 .9986 0 .0042 3 .1730 O.9988 O.OO39 
0 .9992 0 .0024 3 .3728 O.9994 0 . 0 0 2 2 
0 .9998 0 .0007 3.7727 0 . 9 9 9 9 0 .0007 
1.0000 0 .0000 4 . 7 7 2 8 1 .0002 0 . 0 0 0 1 
1.0000 0 .0000 5 . 7 7 3 1 1.0004 0 . 0 0 0 2 
Table 6e. Momentum Equation Solutions: f, f', f" 
= 0.4, 
*Iw 
ZA = 0.05 Aw 
D = 0 .6 J = 1.3 D := 0 9 J = 1.2 D — 1 2 J = = 0 .9 
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0.0000 co o 
D = 2. 
f 
0 . 0 0 .0000 
0 . 2 0 .0115 
0.1+ 0.01+53 
o.6 0 .0999 




1.6 0 .6280 
1 ft n 7 7 ^ c 
- * 1 1 J ^ 
2 . 0 0 . 9 2 9 1 
2 , 2 1.093U-
2.1+ 1.2651+ 
2 . 6 1.1+1+39 
2 . 8 I . 6 2 7 8 
3-0 I . 8 1 6 1 
3 . 2 2 .0078 
3-4 2 . 2 0 2 1 
3 .6 2 . 3 9 8 3 
3 . 8 2 .5958 
l+.O 2 . 7 9 ^ 3 
1+.2 2 .9933 
1+.1+ 3.1928 
1+.6 3 . 3921+ 
5 . 0 3 . 7 9 2 1 
6 . 0 1+.7918 
7 . 0 5 .7912 
Table 6f. Momentum E 
7 J = 0.2 D = 
ff f" f 
0 .0000 0 . 5 8 5 3 0 .0000 
0.111+1+ 0 .5569 0 .0125 
0 . 2 2 2 2 0 .5210 0,01+89 
0 .3225 0,1+806 o .1076 
0.1+11+1+ 0.1+381+ 0 . 1 8 6 3 
0.1+978 0.3961+ 0 .2832 
0 .5730 0 .3560 0 . 3 9 6 1 
0,61+04 o . 3 1 8 1 0 . 5 2 3 3 
0 .7005 0 .2830 0 .6630 
r\ TcroP-
"̂  * 1 J J^ 
f\ fSCfs'l: 
\J» t ^ u t 0 .8137 
0 .8008 0 .2197 0.971+0 
0.81+18 0 .1906 1.11+25 
0 .8770 0.1621+ 1 .3181 
O.9068 0 . 1 3 5 2 1.1+996 
O.9312 0.1091+ 1.6860 
0 .9507 0 .0857 1 .8762 
0 .9657 0.061+8 2 .0695 
0 . 9 7 6 8 0.01+72 2.261+9 
O.98I+8 0 . 0 3 3 1 2.1+619 
O.9903 0 .0225 2 .6600 
O.99I+O 0.011+7 2 .8589 
0 . 9 9 6 3 0 . 0 0 9 3 3 .0582 
0 .9978 0 .0057 3 .2578 
0 .9987 0 . 0 0 31+ 3 .4576 
0 .9995 0 .0010 3.8571+ 
0 .9996 - 0 . 0 0 0 3 1+.8574 
0 . 9 9 9 1 - 0 . 0 0 0 8 5 .8576 
ion Solutions: f, f, f" 
7 J = 0.4 D = 2.7 J = 0.6 
f' • f" . f f» - f" 
0.0000 0 .6357 0 .0000 0 .0000 0 . 6 9 8 1 
0 .1237 0 .5997 0 .0137 0 .1352 0 .6515 
Oc2393 0 . 5 5 4 3 0 .0534 0 .2598 0 . 5 9 2 8 
0 . 3 4 5 1 0.501+0 0 . 1 1 6 8 0 .3720 0 . 5 2 9 1 
0.1+1+08 0.1+524 0 . 2 0 1 3 0.1+711+ 0.1+651+ 
0 .5262 0.1+023 0.301+5 CL5584 " 0.1+055 
0 .6019 0 .3554 0 . 4 2 3 9 0.631+0 0 . 3 5 1 2 
0 .6686 0 .3126 O.5574 0 .6994 0 . 3 0 3 2 
O.7272 0 .2739 O.7O3I 0 .7557 0 . 2 6 1 1 
U.7704 0 .2^88 0 , 8 5 9 2 0 . 8 0 4 1 0 ,2240 
0 .8229 0 .2067 1.021+3 0 .8456 O.I9O9 
U.OD12 0 .1766 1 .1970 0 .8807 0 . 1 6 0 6 
0 .8937 0.11+82 1 .3761 0 . 9 0 9 9 0 .1325 
0 .9206 0 .1214 1.5606 0 .9338 0 .1066 
0.91+21+ O.O965 1 .7493 0 .9527 O.O83I-
0 .9594 0.071+2 1.9414 0 . 9 6 7 3 O.O626 
0 .9722 0 .0550 2 .1360 0 .9780 0.01+51+ 
O.9816 0 . 0 3 9 3 2 .3324 0 .9856 O.O3I7 
0 .9882 0 .0270 2 . 5 3 0 1 0 .9909 0 .0214 
O.9926 0 .0180 2 .7286 0.991+1+ 0 . 0 1 3 9 
0 .9955 0 .0115 2 . 9 2 7 8 0 .9966 O.OO87 
O.997I+ 0 .0072 3 .1272 0 .9980 0 . 0 0 5 3 
0 .9985 0.001+3 3 .3269 0 .9988 0 . 0 0 3 1 
O.9992 0 .0026 3 .5267 0 . 9 9 9 3 0 .0017 
0 .9998 0 .0008 3 .9265 0 .9997 0.0001+ 
1 .0001 0 .0002 4 . 9 2 6 2 0 .9996 - 0 . 0 0 0 3 
1.0001+ 0 .0003 5 .9256 0 . 9 9 9 1 - 0 . 0 0 0 8 
132 
C— H OJ vo en t-i o\r-i ON co on cu co ON o D— LTV on cvj j - o it- ON C\J O O 
Ifr OJ O O on r-l - 4 <M Q\ oOcO LTN LTN ON ONVO t— . 4 l A O M J N t n H ' O O O O 
m r n w o t - 4 
LfN LfN LfN Lf\ ,_4 _ 4 
O VO H 
j - en on 
0 J e 0 - 4 O E — L f N 0 n 0 J i - i O O O O O O O O 
o o o o o o o o o o o o CVJ OJ H H H O 
o o o o o o o o c o o o o o o o o o o o o o o o o o o 
ON on en r- vo H en LTN j - co C\J H LTN co ON O O O H V O t - W O O J - H 4 S . . _ . _ _ _ 
O t - CVJ ^ - CVJ on 00 i r \ on OJ OJ .4" l>- OJ H LfN ^ Q -4 VO CO ON ON O^ ON O O 
O O H H r l O O O V O O O O \ 4 0 0 r l 4 S O t > c O ^ O \ O V O \ 0 \ O N a O \ 0 0 
O H OJ CO j - i r \ LTN vo l>- it— CO CO ON ON ON ON ON ON ON 0 \ ON ON ON ON ON O O 
O O O O O O O O O O O O O O O O O O O O O O O O O H H 
t— t - ir\ m o -4- co co vo en OJ LTNVO H C O O O J - O \ o u N f O H H O O O 
OJ LTN OD O O N - * 4 lit- H ,4- - 4 O H J - O CO VO VO LfN LTN LT>•. LTN LTN LfN LTN 
ONVO VO VO ON en CO LTN OJ O ON CO I t - t—VO VOVOVOVOVOVOVOVOVQ 
O H OJ on . 4 VO I— ON H m _4 VO CO O OJ _4 VO CO O OJ ^ CO CO CO 
O 
O O 
O H -4 
O O O 
O O O O O O O O O O O H H H H H O J O J O J O J O J e n o n o n e n j - L r N 
H 00 OJ ir\CO VO f ^ U * VOIIH' ON t - H O \ 4 4 ^ U N 4 C O O O W W r O O O 
en OJ VO on .4- O HlJtSrilON ONVO - t -4- VD -4 t—VO O ON H t - - 4 OJ H O O O 
ON ONCO t - LfN on OiVO |OJ!GO! -4 O VO OJ ONVQ J - o n H H O O O O O O C 
.4 j - _4 _4- .4- -4- -4- ion onrojloj C U H H O O O O O O O O O O O O O 
• • •! » .l:.iUi !. • 
O O O O O O O I O ; o ; ; o i O o o o o o o o o c o o o o o o o 
o t— t—oo f - <"ovo JLrt 'rn;;ojic© o c o c o ON O OJ GO CO CO it- E— on E— ON O O 
O CO VO OJ LfN ,4 t—'L4ii i4- V'lfD C M T i d O CVJ ONO t— OJ LTN It- CO ON ON ON O ^ 
O ON ON ON CO I t - LTN |on © \ D irHVD Q on LTN VO CO CO ON ON ON ON ON G\ ON O 
O O H 
f  _  0-'L4ii i  © ONLTN H   ONO t— J LTN t - CO O N O N O N O O 
_ Jt Lf ! / ' \Dir iHVD • Z ' ~ Z Z Z 7 - - ~ ~ ~ ~ Z Z 
OJ en^j- LT\vo; fe«-> It-MD CO ON ON ON ON ON ON ON ON ON ON ON ON ON O O 
o o o o O o o o ; o p o O O o o o o o o o o o o o o H H 
o ON_4 - 4 on - 4 o - b 
V; 
OJ o vo - 4 CO On LfN LfN J " LfN _ 4 o7 - 4 OJ H 88 o o ON ON 3 vo (VI LfN LTN NJO I/?N co o en OJ -4- ONVO - 4 on OJ OJ CVJ OJ o O on LfN -4- .4" VO! 0> J=Jr o h- Lr\ on OJ H o 8 o o o o o O o o o o O O O r-l (VI 
• 
eni4 ws C- o \ o CVJ . 4 VO CO o - 4 VO 00 o OJ _4 00 00 00 
o o o o o o o b ; o o o H H H H H OJ OJ OJ OJ OJ on en on on j - LTN 
0 ( \ 1 4 V O O O O W 4 ^ 0 C C ) 0 ( M 4 ' v O C O O C M 4 V D C O O W 4 \ D O O O 
O O O O O H H H H H W O l c u o j o j o n e n e n o n on j - j - j - j - LTNVO It-
Table 6h. Momentum E 
*Iw = "-^ 
J = 0 .2 _ 
f fT f" f 
0 . 0 0 .0000 0 .0000 0.201+5 0 .0000 
0 . 2 0.001+2 0.01+26 0 .2216 0.001+8 
0 . 4 0 . 0 1 7 3 0 .0886 0.2T76 0 . 0 1 9 9 
0 . 6 0 . 0 3 9 8 o .1376 0 .2524 0.01+59 
0 . 8 0 .0725 /=\ 1 Or\). <"» O ^ r - Q 0 . 0 8 3 3 
1.0 0 . 1 1 5 8 U.if4j5c5 0 .2776 0 . 1 3 2 8 
1.2 0 . 1 7 0 2 0 . 3 0 0 3 0 .2876 0.191+7 
1.U 0 .2360 0 .3587 0 .2955 ~ ' i-~y _j 
1.6 0 . 3 1 3 7 0.1+181+ 0 .3010 0 .3567 
1 Q r\ )tf\rth rs 1. c^-~. 
J - . >J v a t u J*r v . *r j <^^ KJm t p O ^ 
2 . 0 0 . 5 0 5 3 0 .5395 0.3021+ 0 .5697 
o o r\ Ci o<^ \j,\jjL.yc U . j y y v /*\ r\r\i-rr\ 
^V /^/~vl./~v 
C . £1 W. C.y \£L VJ.O^*+y 
2.1+ 0 . 7 4 5 0 O.658I 0 .2872 0 .8320 
2 . 6 0 . 8 8 2 3 0 . 7 1 4 1 0 .2720 0 . 9 8 0 1 
2 . 8 1.0301+ O.7665 0 . 2 5 1 3 1.1381+ 
3 .0 1.1886 0.811+3 0 .2256 1 . 3058 
3 . 2 1 .3557 O.8565 0 .1959 1.1+811 
3 .4 1.5307 0 .8925 0 .1638 1.6629 
3 .6 1 .7123 0 .9220 0 .1316 1.8500 
3 . 8 1 .8991 0 . 9 4 5 3 0 .1015 2.01+11 
l+.O 2 .0900 0 .9628 0 .0750 2 . 2 3 5 1 
1+.2 2 .2839 0 .9756 0 .0532 2.1+313 
1+.1+ 2.1+800 0.981+1+ 0 . 0 3 6 3 2 .6389 
1+.6 2 .6775 0.9901+ 0 .0239 2 .8275 
5 .0 3 . 0 7 5 1 0 .9966 0 . 0 0 9 3 3 . 2 2 6 1 
6 . 0 1+.0740 0 .9999 0 .0005 4 .2256 
7 . 0 5 .0740 1.0000 0 .0000 5 .2256 
ion S o l u t i o n s : f, f , f" 
J = 0 .6 J = l . Q  
f» f" f f7~ fiT 
0 .0000 0 .2356 0 .0000 0 .0000 0 . 2 8 5 8 
0.01+91 0 .2554 0 . 0 0 5 9 0 .0596 0 .3095 
0=1020 0 0-27-29 0 , 0 2 4 1 n-io-ic, 
~ - — — Jy 
0* ^ 8 2 
0 e 1 5 8 l 0 .2880 0 .0555 0 .1906 r\ -3)1 or \ \J . J T C . U 
0 .2170 0 .3005 0 .1005 0 .2599 0 . 3 5 0 8 
0 . 2 7 8 1 0 . 3 1 0 3 0 .1595 0 .3306 0 . 3 5 4 7 
0.31+09 0 , 3 1 7 1 0 . 2 3 2 8 o s 1+015 0- ^ ^ 7 
— ' -JS ~t 1 n knltfl n Qonfl 0 . 3 2 0 1 r> I I ' T I T r\ o K Q i \J . J t U U W . 1 - 1 J L | \J» j n u i 
0,1+690 0 .3209 0.1+213 0 .5404 O.3379 
O.5329 0 .3170 0 . 5 3 6 1 0 .6066 0.-5231 
0 .5955 0 .3089 0 . 6 6 3 8 0.6691+ O.3038 
« /• - /- <, 
U . O p O J . 
O.296O 0 .8036 0 .7278 0 . 2 8 0 2 
0 .7136 0 .2750 0 .9546 0 .7812 0 .2525 
0 .7670 0 . 2 5 5 1 1.1156 0 .8286 0 .2214 
0 . 8 1 5 3 0 .2275 1.2856 0 .8696 0 . 1 8 8 1 
0 .8578 0 .1965 1.1+630 0 .9038 O.I5I+3 
0 .8938 0 .1636 1.61+66 0.9311+ 0 . 1 2 1 7 
0 . 9 2 3 2 0 .1310 1 .8351 0 .9527 0 . 0 9 2 1 
0.91+63 0 .1006 2 . 0 2 7 3 0 .9685 O.O669 
0 .9637 0.071+1 2 .2222 0 .9798 0.01+66 
0 . 9 7 6 3 0 .0523 2.1+190 0 .9875 0 . 0 3 1 2 
0 .9850 0 .0355 2 . 6 1 7 1 0 .9925 0 . 0 2 0 1 
0 .9908 0 .0232 2 .8159 0 .9957 0 .0125 
0.991+5 0.011+7 3 .015? 0 .9977 0 . 0 0 7 5 
0 .9982 0 . 0 0 5 3 ? . 1+11+8 0.9995 0 .0024 
1.0000 0 . 0 0 0 3 L.i+li+8 1.0002 0 . 0 0 0 1 
1.0000 0 .0000 '"• • • - • • j . ^ O 1.0002 0 . 0 0 0 0 
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Table 7h. Energy and Species Continuity Solutions: g , g1, Z , Z1 
J- J. Pi Pi 
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Table 8. Momentum, Energy and Species Continuity Solutions 
f. r, f", g r gj, zA, z-
gT •= 0.4, D = 0.0, J = 0.0, Z. = 0.05 





0 . 0 0 .0000 0 .0000 0 . 2 1 8 1 0.1*000 0 . 1 4 8 3 
0 . 2 0 .0044 0 .0448 0 .2298 0 .4229 0 .1177 0 .0807 0 .1590 
0=ii- 0 . 0 1 8 1 0 .0920 0 . 4 4 7 1 0 . 1 2 4 1 0 .1137 0 .1707 
0 . 6 0 .0414 0 .1417 0 .2554 O.4726 0 .1309 0 . 1 4 9 1 Q.1836 
0 . 8 0 .0750 Oo1942 0 .2688 0 .4995 0 .1379 0 . 1 8 7 2 0 .1976 
1.0 0 .1192 O.2492 0*2821 0 .5278 0 .1452 0 . 2 2 8 2 0 .2126 
1.2 0 . 1748 0 .3070 0 .2949 O.5575 0 .1525 0 . 2 7 2 3 0 .2286 
1.1* 0.21+22 0 . 3 6 7 1 0 .3063 0 .5888 0 .1595 0 .3197 0 .2450 
1.6 O.3218 0 . 4 2 9 3 o . 3155 0 . 6 2 1 3 0 .1660 0 . 3 7 0 3 0 .2614 
l . o • 0.M-14-0 0 . 4 9 ' U 0 .3212 0 . 6 5 5 1 v . X | JL_) 0 . 4 2 4 1 0 . 2 7 6 9 
2 . 0 0 . 5 1 9 1 0 .5575 0 . 3 2 2 1 9 .6897 0 . 1 7 5 1 0 . 4 8 0 9 0 .2902 
2 . 2 0 .6570 0 .6215 0 .3169 0 .7250 0 .1766 0 .5400 0 ,2998 
2 . 4 0 .7676 0 ,6838 o ,3045 0 .7602 0 . 1 7 5 1 0 .6004 0 .3038 
2 .6 0 .9103 0 .7428 0 .2843 0 .7948 0 .1702 0 .6610 0 . 3 0 0 3 
2 . 8 1.0644 0 .797Q- 0 .2566 0 .8280 0 .1615 0 .7200 0 .2880 
3 .0 .1 .2287 - .--.0.8450-—0.-2228- 0 . 8 5 9 1 0 . 1 4 9 1 0 .7756 0 .2664 
3 .2 1.4019 b<3mS::: s 0 v l 8 5 3 0 .8874 0 .1334 0 .8260 0 .2365 
3-fc 1.5825::: - 0 . - 9 1 9 1 : r O . I 4 7 2 0 . 9 1 2 3 0 .1155 O.8698 0 .2006 
3 .6 1.7690 0 .9449 0 .1113 0 .9335 0 .0965 O.9O6I 0 . 1 6 2 2 
3 .8 1.9600 -O.9639 0o0802 0 .9510 0 .0779 0 .9347 0 .1250 
4 . 0 2 . 1 5 4 V 0 .9773 0 .0550 0 .9648 0 .0607 0 . 9 5 6 3 0 .0918 
4 . 2 2 .3506 0 . 9 8 6 3 0 .0359 0 .9754 0 .0457 0 .9718 0 . 0 6 4 3 
4 . 4 2.5^85 0 . 9 9 2 1 0 .0224 0 . 9 8 3 3 0 .0333 0 .9825 0 . 0 4 3 1 
4 . 6 2 .7473 O.9956 0 . 0 1 3 3 0 .9889 0 .0235 O.9895 0 .0277 
5 .0 
X* -̂v 
3.1463 0^9988:: 0 .0042 0 .9955 0 .0107 O.9966 0 . 0 1 0 2 
6 . 0 4 .1460 1.0000 0 . 0 0 0 1 0 .9997 0 .0009 0 .9999 0 .0004 
7 . 0 5.1460 1.0000 0 .0000 1.0000 0 .0000 1.0000 0 .0000 
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